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ABSTRACT 

A brlef history is  given of the experimental measurements 

of the probability for  the excitation of atomic hydrogen from 

the H ( l s )  s ta te  t o  the H ( 2 s )  state by electron impact. It i s  

pointed out that  the experiments leave the excitation cross 

section, 01s-2s uncertain by as much as a factor of two between 

10.2 and 50 eV. The problem is then stated in  theoretical terms. 

A brief description of the close coupling approximation is  given 

and the desirability of an alternate method of approach 

i s  pointed point. . The nonadiabatic theory is  briefly reviewed. 

A formalism for  the nonadiabatic treatment of the scat- 

tering of low energy s-wave electrons from atomic hydrogen i s  

developed, and the zeroth order (angle-independent ) approximation 

is explicit ly solved. The zeroth order approximation for the 

excitation of the 2s 

by the same equation 

level from the ground s ta te  i s  described 

used t o  describe e las t ic  scattering below 
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t h e  2s t h re sho ld ,  b u t  w i th  more complicatco. boundary 

cond i t ions .  The s o l u t i o n  has been e f f e c t e d  by cxpandinl; t%c 

wave f u n c t i o n  i n  terms of separable  s o l u t i o n s .  Tiic C ~ O G ;  G C C -  

t i o n s  c r l ~ - ~ s  and 01s- 2s a r e  d i r e c t l y  ob ta ined  from t h e  ca l cu -  ' 

l a t i o n .  With t h e  assumption of r e c i p r o c i t y  it i s  a l s o  p o s s i b l e  

t o  o b t a i n  O ~ S - ~ S .  The e l a s t i c  c ross  s e c t i o n s ,  u l s - l ~ ,  arc w i t h i n  

one percent  of t h e  c lose  coupling r e s u l t s  i n  the t r i p l e t  

case ,  b u t  are about  20 percent  greater i n  t h e  s i n g l e t  case.  

I I C  i n e l a s t i c  c ros s  sec t ions ,  01s-2s, are reduced about 20 

p c r c e n t  i n  t h e  t r i p l e t  case and 20 percent  t o  40 percent  i n  t h e  

s i n g l e t  case relative t o  t h e  close coupl ing r e s u l t s .  A dq-tfbfl 
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LNTRODUCTION * 

Within t h e  last few y e a r s  t h e r e  h a s  been a g r e a t  renewal of 

i n t e r e s t  i n  t h e  problem of t h e  s c a t t e r i n g  of e l e c t r o n s  w i t h  k i n e t i c  

energy less than Id0 e V  from atomic hydrogen. 

i n t e r e s t  as a basic problem of quantum mechanics wh i l e  t h e  r e s u l t i n g  

The problem is of 

cross sections are g r e a t l y  desired by t h o s e  s tudy ing  stellar atmos- 

p h e r e s  and i n t e r p l a n e t a r y  and i n t e r s t e l l a r  space where atomic hydrogen 

predominates.  The upsurge i n  i n t e r e s t  war3 s t a r t e d  by t h e  p o s s i b i l i t y  

of u s i n g  f a s t  e l e c t r o n i c  computers t o  solve problems whose s o l u t i o n  

had p r e v i o u s l y  been too l abor ious ;  i t  w a s  helped a long  by t h e  tremen- 

dous growth of interest i n  the  e x p l o r a t i o n  of t h e  s o l a r  system d u r i n g  

t h e  last  decade; and was given a f i n a l  push by t h e  development of 

expe r imen ta l  methods which allowed c e r t a i n  of t h e  s c a t t e r i n g  and 

e x c i t a t i o n  cross s e c t i o n s  to be measured i n  t h e  l a b o r a t o r y .  
\ 

T h i s  paper is an a t t empt  to expand t h e  nonad iaba t i c  s c a t t e r i n g  

t h e o r y ,  Temkin (1960, 1962A) 

ena .  

p rocedure ,  to t h e  close coupling methods, Burke and Smith (1962). As 

shown later i t m a y  also shed e r n e  l i g h t  on t h e  accuracy of t h e  close- 

coup l ing  technique.  I n  p a r t i c u l a r  t h e  i n e l a s t i c  S-wave s c a t t e r i n g  of 

l o w  energy electrons from atomic hydrogen w i l l  be  treated and t h e  p ro -  

bab i l i t y  of e x c i t i n g  t h e  t a r g e t  atm from t h e  H(1s)  to t h e  H(2s) state 

to i n c l u d e  i n e l a s t i c  s c a t t e r i n g  phenom- 

T h i s  w i l l  provide an a l t e r n a t e ,  and i t  is hoped more a c c u r a t e  

,. 

c a ~ c u ~ a t e d .  As s i d e  product6 t h e  elastic s c a t t e r i n g  cross sections 
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CHAPTER I 

H i s t o r y  of t h e  Problem 
I 

1. Experiments1 
b 

The l a b o r a t o r y  measurements of t h e  q8+2s cross s e c t i o n e  are of 
' 

b a s i c  importance to t h i s  t h e s i s  and w i l l  be b r i e f l y  d i s c u s s e d .  The 

expe r imen ta l  ground work wee l a i d  by Lemb and Re the r fo rd  (1950, 1951). 

I n  f a c t  they o b t a i n e d  some evidence a s  to t h e  energy dependent shape 

cu rve  n e a r  t h re sho ld  from measurements taken d u r i n g  of the c1s+2s 

t h e i r  i n v e s t i g a t i o n  of t h e  f i n e  s t r u c t u r e  of t h e  n =  2 states of H. 

However, t h e  f i r s t  determined e f f o r t  to measure t h e  cross s e c t i o n  was 

made by L ich ten  and S c h u l t z  (1959). They measured rls+2s from 10.2 

e V  ( t h r e s h o l d )  to  abou t  45 eV, 
-.. 

A b r i e f  d e s c r i p t i o n  of the L ich ten  and S c b u l t z  experiment i s  i n  I .  . ..q 

:" o r d e r .  Molecular hydrogen at 8 p r e s s u r e  of 2 mm w a s  hea t ed  to  3000° K 

Under these c o n d i t i o n s  d i s s o c i a t i o n  i s  91 p e r c e n t  

A c o l l i m a t e d  beam o f  

' i n  a tungsten oven. 

complete D o o l e y ,  S c o t t ,  and Brickwedde (194817. 

atom hydrogen flowed from t h e  oven i n t o  a vacuum chamber where it. w a s  

c ros sed ,  a t  r i g h t  a n g l e s  by an e l e c t r o n  beam of c o n t r o l l e d  energy. 

A t o m s .  e x c i t e d  to the H(2p) s t a t e ,  w i t h  l i f e t i m e s  of t h e  o r d e r  of 
'. 

' . ~ O - ' S ~ C ,  decayed wi th  t h e  emission of Lyman-alpha r a d i a t i o n  w h i l e  

\ .  ' 
-,  sti l l  i n  t h e  c o l l i s i o n  region.  However, atoms e x c i t e d  to  t h e  H(2s) 

are m e t a s t a b l e  and hence could p a s s  i n t o  a t h i r d  chamber where they  

. .  
I 

I were detected. . Two methods bf d e t e c t i o n  were used to obtain '  t h e  As-2e 
' .  

c r o i e  s e c t i o n .  In cka  t h e  relative cro88 section was ' 
I . \ 

~ 

\ I  

I . .  
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I 
' 

measured by use of a metallic d e t e c t o r  from which impinging H(2s) , I  

a t m e  ejected e l e c t r o n e .  The mat te r  of i n d '  r idual  measuremente 8t  6 

g iven  energy was small, snd  hence t h e  energy dependent shape o f  t h e  

excf t e t i o n  cross section could be a c c u r a t e l y  determined. However, t h e  

publfshed absolute cross s e c t i o n s  depended upon a n o r m a l i z a t i o n  of. t h e  

measurements to t h e  f i r s t  Born approximation between 30 and 43 eV.  

The v a l i d i t y  of t h i s  normalizat ion procedure a t  such l o w  e n e r g i e s  h a s  

. , 
* I  

s i n c e  been c a l l e d  i n  ques t ion  by Hummer and Seaton (1961) and o t h e r s .  

Secondly,  H(2s) can be quenched by an e lectr ic  f i e l d ,  which causes  

mixing of t h e  2s and 2p states. T h i s  c o n s i d e r a b l y  accelerates the  

decay of t h e  H(2s) atoms. The r e s u l t a n t  Lyman-alpha r a d i a t i o n  can be 

d e t e c t e d .  An a b s o l u t e  measure of t h e  cross s e c t i o n  w a s  ob ta ined  u e i n g  

t h e  y i e l d  of t h e  photon d e t e c t o r ,  t h e  geometry of t h e  a p p a r a t u s ,  and 

t h e  known c o n d i t i o n s  of t h e  eource and e l e c t r o n  gun b i c h t e n  and 

*#' '.. 'd S c h u l t z  (1959u. The method of c a l c u l a t i o n  wae taken from Lamb and 
I .  Q 

R e t h e r f o r d  (1950). 

by a f a c t o r  of two. 

The resul ts  i n  t h i s  case were, however, u n c e r t a i n  

It i s  i n t e r e s t i n g  to  n o t e  t h a t  by p l a c i n g  a magnet between the 

oven end the  c o l l i s i o n  chamber, Lichten and S c h u l t z  cou ld  produce a 
1 .  

'i , 

I .  

' beam of p o l a r i z e d  etomic hydrogen. That is' to  s a y ,  t h e  component of 
I '  

t h e  sp in  of t h e  bound e l e c t r o n  d o n g  t h e  imposed magnetic f i e l d  l i n e s  

would-be e i t h e r  +1/2 or -1/2 according t o  t h e  p o s i t i o n  of t h e  oven. 

These p o l a r i z e d  beems could then be used to measure, i n  terms of t he  

'. 

\ 

- total cross e e c t i o n ,  t h e  p r o b a b i l i t y  of s p i n  exchange o c c u r r i n g  
I 

between the bound and t h e  scattered electrons. 

I 

\ ,' ' 

! j .  
. '  

1 .  . .  

,/" 
/ 

1'' , 
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With a similar arrangement,  S t ebb ings  e t  a l .  (1960) used 8 Lyman- 

a l p h a  d e t e c t o r  to o b t a i n  t h e  ra t io  of t h e  2s o t he  2p e x c i t a t i o n  

crorr r e c t i o n r .  They modulated the H(1r) beam from t h e  oven a t  t h e '  

. 
rate of 100 cpe by u s e  of a toothed chopper wheel. 

s i g n a l  s l l owed  them to  extend the range of t h e i r  measurements out t o  

T h i s  modulated 

600 ev. The a b s o l u t e  v a l u e s  of qs42p had been p r e v i o u s l y  o b t a i n e d  

by normalizing earlier (113-2p) measurements to  t h e  Born approximation 

between 200 and 700 e V  b i t e ,  Stebbings and Brackmann (1959u. I t  i s  

thought  t h a t  t h i s  method of normalizat ion i s  a c c u r a t e  i n  t h i s  energy 

r a n g e b  The a b s o l u t e  va lue  of cs42s could  t h u s  be ob ta ined  i n  lower 

ene rgy  r e g i o n s  where t h e  Born approximation is n o t  v a l i d .  I n  r educ ing  

t h e i r  d a t a ,  however, S t ebb ings  e t  a l .  (1960) assumed t h a t  i n  t h e  

p re sence  of t h e  quenching f i e l d  t h a t  t h e  e x c i t a t e d  hydrogen atoms 

r a d i a t e d  a n i s o t r o p i c a l l y .  

measurements by two-thirds .  

r a d i a t i o n  w a s  a c t u a l l y  i s o t r o p i c  and hence t h e  pub l i shed  v a l u e s  O f  

S t e b b i n g s  e t  a l .  should be inc reased  by 50 percen t .  

4 
#. 

h... . Because of t h i s  they m u l t i p l i e d  t h e i r  H(2s) 

But L ich ten  (1961) po in ted  o u t  t h a t  t h e  
,/' :- . .\ "-; 

,- 

0 

* .  

The measured c r o s s  s e c t i o n s ,  above 12.1 e V ,  i nc luded  n o t  on ly  t h e  
Y .  

d i r e c t  18-26 excitation c r o s s  s e c t i o n  bu t  also t h a t  c o n t r i b u t i o n  to t h e  

p roduc t ion  of H(2s) due to  cascade from h i g h e r  l e v e l s  e x c i t e d  from t h e  

ground state by e l e c t r o n  impact. 

4 .  .. 
Using t h e  t r a n s i t i o n  p r o b a b i l i t i e s  

give; by Bethe and S a l p e t e r  (1957). L ich ten  and S c h u l t z  showed t h a t  
*-\ 

I .  

0 t h e  measured tot81 2s production cross s e c t i o n  i s  e q u i v a l e n t  t o  t h e  sum 

of t h e  direct 1s-2s cross s e c t i o n  plus  21 p e r c e n t  of t hea l e -3p  exci- 

tation. cross Beetion. 
i 

The l e -3p ' cu rve  wee obtained by m u l t i p l y i n g  

/' 1 ,  P I. 
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1 

by t h e  same ehergy dependent f a c t o r  r e q u i r e d  to  reduce 

t o  t h e  experimental curve ob ! - ined  by F i t e  and 

( G s 4 3 p  Born 

( ~ r d 2 p  Born e 

Brackmann (1958) and F i t e ,  8 t ebb ings  and Brackmann (1959) The s& 

g e n e r a l  procedure was followed by both Lichten and SchuAtz, and . 
S t e b b i n g s  e t  a1 . 

F i n a l l y  a b r i e f  resume of t h e  experimental  r e s u l t s  i s  i n  o r d e r .  

The deduced d i r e c t  (18-2s)  e x c i t a t i o n  cross s e c t i o n s  of Lich ten  and 

S c h u l t z  and of S tebb ings  e t  til. are shown i n  f i g u r e  6 .  Stebb inge  

e t  el .  claim an experimental  accuracy of about  210 p e r c e n t  n e a r  

t h r e e h o l d  b u t  t h i s  soon d rops  to  2 2 0  p e r c e n t  or more a t  h i g h e r  

e n e r g i e s .  Lichten and Schu l t z  c l ' a i m  an expe r imen ta l  accu racy  a t  least 

t w o  or t h r e e  times t h a t  of Stebbings e t  a l .  f o r  t h e i r  metallic d e t e c -  

. .  

tor. However, t h e i r  a b s o l u t e  c r o s s  s e c t i o n s ,  which are roughly twice 

t h o s e  of S tebb ings  e t  a l . ,  depend on t h e  no rma l i za t ion  of t h e i r  cu rve  

t o  t h e  f i r s t  Born approximation between 30 and 40 e V .  Thus9 a l t h o u g h  

t h e y  seemed to  have a c c u r a t e l y  determined t h e  shape of t h e  

cu rve ,  t h e i r  experiment l eaves  t h e  a b s o l u t e  va lue  i n  doubt .  L ich ten  

and S c h u l t z  d i d  make one a b s o l u t e  de t e rmina t ion  of 

The va lue  ob ta ined  w a s  ( .28 2. 14)wao2 

cls+2s 

cls,2s a t  11.7 e V .  

where a. I s  t h e  Bohr r a d i u s .  . 

This r e s u l t  is compatible with e i t h e r  t h e  Born approximation normali-  

zation or t h e  measurements of Stebbinge e t  al. 
/ \ 

r e s u l t s  still l eave  t h e  a b s o l u t e  value of the crose s e c t i o n  i n  doubt  

by perhaps 88 bych  a8 a f a c t o r  of two. 

I '. 
Hence t h e  expe r imen ta l  . 

, 

. I  

.. - .-. .. 

' .  
. .i 
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2. E a r l y  T h e o r i e s  

P rev ious  to t h e  L ich ten  and S c h u t t z  exp Lment i n  1959, t h e r e  had 
t 

, been a number of c a l c u l a t i o n s  of t h e  c x c l t a t l c n  cross s e c t i o n  6 1 S j 2 S '  

However, t h e s e  were confined e i t h e r  t o  t h e  f i r s t  Born approximation,  

Bates and Miekel ly  (1957), or to  t h e  z e r o t h  o r d e r  ( to ta l  a n g u l a r  . 

momentum L S 0 )  p a r t i a l  wave - Erskine and Massey (1952) Massey and 
' 

Moleeiwitsch (1953) ,  Bransden and McKee (1956) and Marriott (1958) ' 

Much p r e s e n t  evidence i n d i c a t e s  t h a t  t h e  r e s u l t s  of t h e  Born a p p r o x i -  

mation are too h igh  below 50 eV.  Bates, Fundaminsky, Leech, and 

Massey (1950) po in ted  o u t  t h e  inadequacy of t h e  Born approximation 

n e a r  t h e  e x c i t a t i o n  th re sho ld .  

now doubt  t h e  accuracy of t h i s  approximation below 100 or  200 e V .  

Hummer and Seaton (1961) and o t h e r s  

Kingston, Moiseiwitsch and Skinner  (1960) made a t h i r d  o r d e r  Born 

*\ approximation c a l c u l a t i o n  of cls+2e. It  i s  compatible  wi th  t h e  

'-? c o r r e c t e d  r e s u l t s  of t h e  experiment of Stebb inge  e t  a l .  (1960) at 

8 

\. . 4-  >. 

e n e r g i e s  above 100 e V ,  b u t  a t  lower e n e r g i e s  t h e  c a l c u l a t e d  v a l u e s  

l i e  above t h e  experimental  curve of Stebb ings  e t  a l .  Although t h e  

a u t h o r s  t ake  t h i s  as an i n d i c a t i o n  of v a l i d i t y  of t h e  n o r m a l i z a t i o n  

p rocedures  of Lichten and Schu l t z ,  they themselves claim no g r e a t  

accuraclv,.for t h e i r  c a l c u l a t i o n  below 50 ev; A l l  of t h e  z e r o - o r d e r  

p a r t i a l  wave c a l c u l a t i o n s  f a l l  f a r  below t h e  expe r imen ta l  r e s u l t s ,  

* *  

/ .  

\ 
. .  overhos t  of t h e  experimental  energy range,  The obvious conc lus ion  . , '. 

was t h a t  h i g h e r  p a r t i a l  waves had to  be taken i n t o  account .  

Percival end Seaton (1957) publ ished a -  s tudy *showing how the  radial 
i 

'wave fiunction f o r  arbitrary angular  momentum, L ,  could be inc ludrd  i n  the 
1 .? 

I '  I 
! 

f 
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( I s - ? s - ; ) p )  close coupling approximation. f i t ter  t h e  experiment  of 

L i c h t e n  and S c h u l t z  i n  1959, a number of wclrkers began to u t i l i z e  t h i s  

p a r t i a l  wave theo ry  t o  develop close coup l ing  computer programr which c 

' *  

i nc luded  t h e  h i g h e r  p a r t i a l  waves. 

(1962) i n  t h e  Reviews of Modern P h y s i c s  g i v e 8  8 good accoun t  Of  t h e  

work done up to t h a t  t i m e .  

The a r t ic le  by Burke and Smith 

. 
Subsequent pape r s  by Burke, Schey and 

f Smith (1963) , Omidvar (1964), and G a i l i t i e  and Damburg (1963) should 

also be mentioned. S i n c e ' a t  p re sen t  t h e  close coup l ing  t e c h n i q u e  is 

I t h e  most popular  one f o r  low energy c a l c u l a t i o n s ,  a b r i e f  d e s c r i p t i o n  

of it  is included.  

F i r s t  l e t  us d e l i n e a t e  t h e  e x a c t  problem and then i n v e s t i g a t e  

various approximate s o l u t i o n s .  Consider  en e l e c t r o n  being scattered 

by a hydrogen atom which is o r i g i n a i l y  i n  t h e  1s state. 

t h e  motion of t h e  proton and t ak ing  i t s  p o s i t i o n  as  t h e  o r i g i n  of t h e  

c o o r d i n a t e  system, t h e  Schrodinger equa t ion  f o r  t h e  eystem can be 

By n e g l e c t i n g  

. .  
, ,/* : * * . : .J 

b 

. w r i t  t e n  : 

where q and r 

and of t h e  bound e l e c t r o n s  while Cl and C2 are t h e  r e s p e c t i v e  s p i n  

Each of t h e  s p i n  c o o r d i n a t e s  may t a k e  t h e  v a l u e  1/2 or 

are t h e  pos i t i on  v e c t o r s ,  r e s p e c t i v e l y ,  of t h e  f r e e  -2 

\ 

* coord ina te s .  
\ 

-112, and t h e  p a r t i c l e s  obey Fermi-Dirac statistics. 

e i  time cons ide red  h e r e ,  spin orb i t  i n t e r a c t i o n s  are negligible. 

For  t h e  t ran-  . . .I ' .  \. 
I 4  

I ,  
8 

\ . :. * . 
a .  

\ I Hence. we may write 
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* 

I n  (2) H is t h e  Hamiltonian and E 

w h i l e  r12 i e  t h e  d i s t a n c e  between 

i s  t h e  to ta l  energy of t h e  sys t em,  

t h e  two s c t r o n e .  A l l  l e n g t h s  are 

measured In Bohr r a d i i ,  and energy i n  Rydbergs. 

c o o r d i n a t e e  d o  n o t  appea r  i n  t h e  Hamil tonian,  t h e  s p i n  and apace 

dependent p a r t e  o f  t h e  total  wave f u n c t i o n  are s e p a r a b l e  and we Can 

write 

S i n c e  t h e  s p i n  

The problem t h u s  concerns t h e  i n t e r a c t i o n  of t w o  i d e n t i c a l  p a r t i c l e s ,  
8 

obeying Fermi-Dirac s ta t is t ics ,  i n  t h e  f i e l d  of an a t t r a c t i v e  c e n t e r  , 

o f  f o r c e .  ’* 
be ant isymmetr ic  under t h e  @xchange of c o o r d i n a t e s ;  hence 

By Fermi-Dirac s ta t i s t ics  t h e  total wave f u n c t i o n  must 

vice versa.  

The s p i n  

i s  symmetric, S y ( q ,  g2 ) must be ant isymmetr ic ,  and 

wave f u n c t i o n  x(c, may conven ien t ly  be assumed t o  

be a common e igenfunc t ion  of t h e  o p e r a t o r s  S cnd g2. Here S i s  t h e  2 2 .  

. The s c a t t e r i n g  problem invo lv ing  t w o  i d e n t i c a l  p a r t i c l e s  is 
disscussed i n  Mott, N. F., and Massey, H. S. W . ,  The Theory of A t o m i c  
C o l l i s i o n s ,  2nd Ed., Oxford, Clarendon P r e s s ,  1949, pages 102, 143. 

The quantum mechanical theory of t w o  i d e n t i c a l  p a r t i c l e s  is 
d i s c u s s e d  at: eome l e n g t h  i n  Merzbacher, E., ~ a n t u m  Mechanics, 
New York, John Wiley and Sone, Inc.  , 1961 , Chapter  18. 

I 

.. 
1 /* /. 
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I I 

z component and g2 i s  t h e  square of t h e  magnitude of t h e  total s p i n  

o p e r a t o r .  

w h i l e  t h e  e i g s n v a l u e e  of E' a r e  S z 1 or 0. 

e l e c t r o n  s p i n  f u n c t i o n e  

In  u n i t e  of -R: t h e  e igenva lues  c '  St are Ms S 2 1 or 0 ,  
* 

'tn terms of t h e  one 

q)  and xa( G) , t h e  s p i n  e i g e n f u n c t i m r  
1 

of t h e  two-particle system can be w r i t t e n  i n  t h e  form - 

The t r i p l e t  s p i n  func t ions  are symmetric under  t h e  i n t e r c h a n g e  Of 

s p i n  c o o r d i n a t e s  and t h e r e f o r e  must m u l t i p l y  a space an t i symmet r i c  

f u n c t i o n .  ' S i m i l a r l y ,  t h e  antisymmetric s i n g l e t  s p i n  f u n c t i o n  must 

I 

\ 

m u l t i p l y  a space symmetric funct ion.  To o b t a i n  t h e  p r o b a b i l i t y  of a 

given c o l l i s i o n  one must c a l c u l a t e  t h e  p r o b a b i l i t y ,  u s i n g  bo th  

eymmetric and ant isymmetr ic  space f u n c t i o n e ,  and then  average ove r  

t h e  s p i n s .  

PT ( t r i p l e t ) ,  t he  tot81 p r o b a b i l i t y  5.8 

I f  t h e  former p r o b a b i l i t y  i e  Ps ( e i n g l e t )  and t h e  lat ter 

\ 

We ma;,now proceed w i t h  the eo lu t ion  of the s p a t i a l  problem and r e f e r  

aga in  t o  t h e  s p i n  on ly  when c a l c u l a t i n g  t h e  total i n t e r a c t i o n  proba- 

b i l i t i e s .  
.\ 

The s p a c i a l  wave funct ion v(q, +) i e  a nonsepa rab le  f u n c t i o n  

of i t e  vector arguments,  and s i n c e ,  t h e r e f o r e ,  t h e  s p a c i a l  problem 
t 

cannot be solved e x a c t l y ,  erne approximatione must be made, A 
> 

# / I 
1 .  

I *  
i 



. 

* .  

I 

\ '. 

\ 

\ 

r e a s o n a b l e  spproach is 

functione of t h e  total  

to wri 2. 

io 
I 

to expand v (E, r,) i n  terms of t h e  e i g e n -  

angular momentum, which ccmmautes w i t h  H, and 

S i n c e  t h e s e  e l g e n f u n c t i o n s  are o r thogona l ,  s u b s t i t u t i o n  . of q. (3) 

. I n t o  Eq. (1) y i e l d s  

( 4 

Up t o  t h i s  p o i n t  n o  approximations have been made. I f  t h e  

(q, r,) could be found e x a c t l y  and I f  a l l  L were taken I n t o  

a c c o u n t ,  then w e  would have the e x a c t  s o l u t i o n  of t h e  problem. 

Unfo r tuna te ly  t h e  cannot be determined e x a c t l y .  

The close coupl ing procedure i s  t o  expand ( L ~ ~  r,) I n  terms 

of t h e  e igen  states of t h e  hydrogen atomc 

expansion,  which are func t ions  of t h e  p o s i t i m  v e c t o r  of t h e  f r e e  

e l e c t r o n ,  are found by numerical i n t e g r a t i o n ,  Xf an i n f i n i t e  number 

of terms were Included in the expansions t h e  s o l u t i o n  of t h e  problem 

would be e x a c t .  

The c o e f f i c i e n t s  o f  t h e  

BmPdvar (1964) h a s  g iven  t h e  e x p l i c i t  form of t h e  

expansion as: 

/ . 
where 

. .  
! '  

. (6 )  



i t  

is t h e  hydrogen atom wave func t ion  w i t h  r a d i a l  p a r t  t201R(n2 a2, 5) 
and a n g u l a r  p a r t  

rl 'U(kna I,, rl) is t h e  r a d i a l  p a r t  erld i s  khe 

a n g u l a r  p a r t  o f  t h e  free e l e c t r o n  wave f u n c t i o n  w i t h  quantum numbere 

kn5 4, 
g iven  by , 

2 82 "2; , and que urn numbere n i w ,  (a) - y,,, (no) 
* 

The r e l a t i o n s h i p  between t h e  wave number 'kn and n2 i e  
2 

' 2  

2 

4' = . ( E  -t- ?I:') (7) 

0 -02 21 -L 1 LM) are t h e  necessa ry  v e c t o r  M - ( '1 '2 m2 , T h e  c o n s t a n t s  C 
" m2 ml ' 

I coup l ing  (Clebsch Gordon) c o e f f i c i e n t s  which make t h e  expansion ( 5 )  an 

e i g e n f u n c t i o n  of t h e  t o t a l  angular  momentum L. To i n s u r e  t h a t  t h e  

total wave f u n c t i o n  i s  e i t h e r  symmetric ( a n t i p a r a l l e l  s p i n s )  or a n t i -  

symmetric ( p a r a l l e l  s p i n s ) ,  i t  i s  m u l t i p l i e d  by t h e  c o e f f i c i e n t  

(1 + P1$. The o p e r a t o r  P12 i n t e r c h a n g e s  r and gz w h i l e  f l  i s  

. ,  

-. 
/* :.. 

.>.' -1 

+ I  i n  t h e  symmetric and -1 i n  t h e  antisymmetric came. 

An example i s  t h e  L 0, (1s-2s) wave f u n c t i o n  ueed by Marriott 

. (1938): . .  
1 

.. * The f r e e  elec\ t ron r a d i a l  wave f u n c t i o n s  are r e q u i r e d  to van ieh  a t  * . 
, . .  

' r  - 0 end to, have t h e  asymptotic fo&e ; 
* A' , .  

I 
# \  

'> . \  ' 
8 
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* 

J ,. 
% 

b C81CUlatiOnS which assume t h a t  o n l y  t h e  1s and 2s c h a n n e l s  are open 

are c a l l e d  (18-2s)  CC c a l c u l a t i o n s ;  t hose  which have t h e  l e ,  2s and 

2p channe l s  open are c a l l e d  ( l s -2s -2p)  CC c a ~ c u ~ a t i o n S .  

I n  o r d e r  t h a t  t he  close coupl ing vb(g19 r,) shou ld  c l o s e l y  

approximate t h e  e x a c t  wave func t ion ,  t h e  e x p e c t a t i o n  v a l u e  of t h e  

energy o p e r a t o r  i s  minimized wi th  r e s p e c t  to  t h e  tadial p a r t s  of t h e  

f r e e  e l e c t r o n  wave f u n c t i o n s :  

/"'\ 
k' It h a s  been shown by Kohn (494B) t h a t  t h e  d i f f e r e n c e s  between t h e  

s c a t t e r i n g  ampli tudes obtained from t h e s e  e q u a t i o n s  and t h e  e x a c t  

s c a t t e r i n g  ampli tudes are q u a d r a t i c  i n  t h e  d i f  f e r e t k e  between 

v' (gl, g2) and t h e  e x a c t  wave f u n c t i o n .  

Equation (10) i s  equ iva len t  to a coupled set of i n t e g r a l  

d i f f e r e n t i a l  e q u a t i o n s  which must be solved i n  o r d e r  t o  o b t a i n  t h e  
I '. . .  

' *  . ' f r e e  e l e c t r o n  r a d i a l  wave func t ions  U(kn fl, r l) .  It i s  customary 
2 x. 

\ ... 
. . nowadaye t o  s o l v e  t h e s e  equa t ions  numerical ly .  I n  p r a c t i c a l  c a l c u -  

\ !  - 
lat ione it  is, impossible  t o  so lve  Eq. (4 )  e x p l i c i t l y  s i n c e  o n l y  a 

f i n i t e  number of te-e can be inc luded  i n  t h e  expansion. I f  a t r u n -  
. \ '  I 

cated .expaneion i e  w e d ,  then, t h e .  CC trunc LIB not a s o l u t i o n  - v 
t /' I : .  . 

' I  Q : p .  I 

I 

. '  \ I  . .  .* * /  

I /' 
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b€ t h e  Schriidinger Eq. ( 4 )  . 3 

h i d v a r  (1964), us ing  t h e  ( le-2s-2p)  CC xpansion,  took i n t o  
* 

. accoun t  ai1 p a r t i a l  waves from L =  o to 00. close coup l ing  pro-  
' 

c e d u r e s  were used f o r  t h e  low numbered p a r t i a l  waves, wh i l e  t h e  e f f e c t  

of t h e  h i g h e r  . p a r t i a l  waves was ee t ima ted  u s i n g  t h e  r e g u l a r  Born - 

approximation. 

L f o r  which t h e  CC and t h e  r e g u l a r  p a r t i a l  wave Born approximation 

were i n  s u b s t a n t i a l  agreement. 

The CC c a l c u l a t i o n 8  were broken o f f  a t  t h e  va lue  of 

H i s  r e s u l t s  a g r e e  ve ry  c l o s e l y  w i t h  

t h e  earlier ( le-2s-2p)  CC c a l c u l a t i o n  by Burke, Schey and Smith 

, (1963). 

The ( l e - 2 s )  CC and (le-2e-2p) CC total c r o s s  s e c t i o n s  qs,,2s 
' are shown i n  F igu re  6. As can be seen ,  t hey  would t end  t o  confirm 

' t h e  no rma l i za t ion  procedure used by L ich ten  and S c h u l t z  i n  reducing 
I 

a t h e i r  experimental  d a t a ,  even though nea r  t h r e s h o l d  t h e y  d i f f e r  
x. 

/. \, 
*". s u b s t a n t i a l l y  from t h e  experimental  curve of Edchten 8nd S c h u l t z .  

One may s t i l l  l e g i t i m a t e l y  wonders however, j u s t  how a c c u r a t e  even 

* t h e  (1s-2s-2p)  @C c a l c u l a t i o n  is .  One tes t  would be to i n c l u d e  more 

terms i n  t h e  close coupl ing expansion of t h e  V'(~,P K ~ ) ~  Greater 

conf idence  would be a t t a i n e d ,  howevere i f  t h e r e  were an a c c u r a t e  

e l t e r n a g e  method to  t h e  CC procedure. 
b 

I n  t h e  nex t  c h a p t e r  such B 
I * .  , 

* .  method i s  o u t l i n e d ,  and a c a l c u l a t i o n  is c a r r i e d  o u t  which call8 i n  
6 .\ 

queg t ion  t h e  accuracy of t h e  (18-2s) CC c a l c u l e t i o n  and t h e r e f o r e ,  by 

i n f e r e n c e ,  a180 t h e  (l8-28-2p) CC calculation. 
\. . *  

. .  
. b  
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CHAPTER I1 # 

The Nonadiabatic Theory 

1, I n t r o d u c t i o n  .. 

The n o n a d i a b a t i c  t heo ry  for  atomic s c a t t e r i n g  is an e x t e n s i o n  of 
a 

8 method suggested by Bre i t ,  end f i r e t  used by Luke, Meyerot t  and 

Clendenin (1952) f o r  c a l c u l a t i n g  t h e  energy of some e x c i t e d  S t 8 t e S  Of 

2 -e l ec t ron  atoms and ions.  

s c a t t e r i n g  theo ry  by Temkin (1960, 1961, 1962A) d e a l t  w i t h  t h e  problem 

of t h e  elastic e c a t t e r i n g  of an S-wave e l e c t r o n  by a hydrogen atom i n  

The f i r s t  pape r s  on t h e  n o n a d i a b a t i c  

i t s  ground state. A t  t h i s  t i m e  t h e r e  was renewed i n t e r e s t  i n  t h i s  l , '  

problem because Rosenburg , Spruch and O'Malley (1960) had j u s t  calcu- 

l a t e d  r i g o r o u s  upper bounds, ~ ~ ( 6 . 2 3 ~  and at<1.92, f o r  t h e  s i n g l e t  

and t r i p l e t  s c a t t e r i n g  l eng ths  i n  t h e  s c a t t e r i n g  of e l e c t r o n s  from 

e 

' atomic hydrogen. They assumed t h a t  t h e  H" ion h a s  on ly  one bound 

state,  w i t h  s i n g l e t  sp in .  

l e n t  to  t h e  z e r o  energy s c a t t e r i n g  cross s e c t i o n s ,  were 15 p e r c e n t  

below t h e  results of t h e  most elaborate c a l c u l a t i o n s  performed up to 

t h a t  t i m e .  

DdgarnO,  John and Seaton (1958). 

These s c a t t e r i n g  l e n g t h s ,  which are equ iva -  

For r e f e r e n c e s  t o  these '  earlier works see Bransden, 

The nonad iaba t i c  theory proved a very  powerful tool i n  a t t a c k i n g  

t h i s  problem and i n  c a l c u l a t i n g  the elastic phase s h i f t s  below 10.2 eV, 
. .  

, the ( 1 ~ 4 ~ )  e x c i t a t i o n  threshold.  For .t "the e i n g l e t  ' s c a t t e r i n g  l e n g t h  

Ternkin (19&~) ob ta ined  tis=5.'6, and In  t h e  t r i p l e t  C a s 8  Temkin end 

, . ; ' ;  
: i  

L . i . . I '  
. .  * .  . 



. .  

. 

I .  

. .  

* 

. . *  

.. ' 

S u l l i v a n  (1963) ob ta ined  at= 1.7683, 

moet a c c u r a t e  e e t e  of c a l c u l a t i o n e  of t h c  5-wave elastic phaee e h i f t e  

To d a t e  t h i s  is one of t he  t w o  

below 10.2 sV. The o t h e r  c a l c u l a t i o n  of comparabie accu racy  i r  t h a t  

of Schwartz (1961) who used Kohn'e v a r i a t i o n a l  p r i n c i p l e  and 50 tr ial  

f u n c t i o n 8  of t h e  Hylkraas type. Schwartz o b t a i n e d  t h e  v a l u e s  . 
at= 1.7686 fi .0002 and a*= 5.%5 2 .003. 

The n o n a d i a b a t i c  theory h a s  s i n c e  been a p p l i e d ,  among o t h e r  . 
problems, t o  poe i  tron-hydrogen e c a t t e r i n g  , Temkin ( 1962B) 

problem of one e l e c t r o n  moleculee, p a r t i c u l a r l y  (H$, Temkin (1963A)  

and to  t h e  
4a 

1 2. I n e l a s t i c  S-wave Scattering 

The r a d i a l  and angu la r  p a r t s  o f  t h e  e x a c t  a n g u l a r  momentum 

e i g e n f u n c t i o n s  are ~ e p a r a b l e . ~  The a n g u l a r  p a r t  i e  a f u n c t i o n  Of t h e  

Eu le r i an  a n g l e s  8, @ , and 

t h e  t h r e e  scalar q u a n t i t i e s  r l ,  rZ9  and e12" 
, w h i l e  t h e  r a d i a l  p a r t  depends on 

A 8  i n  Chapter  I ,  

and are, r e s p e c t i v e l y o  t h e  r a d i u s  v e c t o r s  from t h e  proton to 1 

t h e  f r e e  and t o  the  bound e l e c t r o n ,  w h i l e  

r1 and r 

0, d j ,  and 

Gl2 is t h e  a n g l e  between 

The o r i e n t a t i o n  of t h e  (gl, r,) p lane  is d e s c r i b e d  by -2' . We are p a r t i c u l a r l y  I n t e r e s t e d  h e r e  i n  t h e  zero 

I n  t h i s  case t h e  angular p a r t  is a a n g u l a r  momentum wave funct ion.  

a The discuSSiOn i n  the fol lowing t w o  s e c t i o n 8 . i ~  e s s e n t i a l i y  1 
taken from Temkin (1962A), b u t  modif ied so as to i n c l u d e  i n e l a s t i c  
proce ssee . 
A- Vol I1 e New Yorko McGraw-Hill (1953) p. 1719. 

I 

Morae, P. M., and Feshbach, H e ,  Methods of T h e o r e t i c a l  Physics, e2 
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' . .  
' . : . .I . .  

c o n s t a n t  independent of 0, @ e end ly Hence Ye can mite 

and t h e  SchrGdinger equat ion t a k e s  t h e  form 

e 

I I f  w e  t a k e  advantage of t h e  f a c t  t h a t  

t h e  wave f u n c t i o n  may be expended i n  terms of t h e  Legendre poly-  

nCXddS9 P~ (COB e ): 12 

S u b s t i t u t i o n  of (14) i n t o  (12) g i v e s  an i n f i n i t e  set of coupled 

a q u a t  i o n s  : 

. .  

The prime on t h e  r i g h t  hand s i d e  sum means t h a t  t h e  term m,= 9 le to  

be omitted.  I n  t h e  r eg ion  rl 7 r2 ' . 
1 :  

* -  

. .  



I 

b '  . '  

h d c r  exchenp,e qz I,, t.hc Lhreo coordinate6 of the B-wrrvtl pro1,lem 

tr'sneform nccording to r 4 c end el2S q L 2 a  tienca the r e q u i r e d  1- 2 
rymmetry condi t ione  are that 

. a  , 

.. . . 

* 

. ,' In t enne  of t h e  expansion t h i s  i m p l i e s  (as a neceeeary and 

, s u f f i c i e n t  c o n d i t i o n )  t h a t  * ,  

Equation (16) can be e a t i e f i e d ,  and at t h e  e m e  t i m e  t h e  problem CM 

. .' be r e s t r i c t e d  to t h e  region rl > r by imposing t h e  8 d d i t i o n e l  2 
. ' boundary 

t '  

.' 'c 
j. . 
'F 

cond i t i on  

With t h i s  boundary condition the s o l u t i o n  of the problem i n  t h e  half  

p lane  ( r , j  r ) is i d e n t i c a l  to t h e  s o l u t i o n  in the o t h e r  h a l f  plank 

( r l  < r2), e x c e p t  f o r  n minus :.ign in t h e  s i n g l e t  case. I n  Eq. (17) 

i s  t h e  d e r i v a t i v e  normal t o  t h e  l i n e  rL= r2; s p e c i f i -  

2 
. 2  

I -  

( '  

\ 
. I  

2.s&q ' 

' I  

ccllly' )I  - 
& ---  -).a a'; '2% 

'. 
i s  

" I  

-1 
. Because. of the (rlr2) f a c t o r  in Eq. (l4) , we have in both'  cases * 

(18) ' 
, '  

> *  
I ,  



* '  I 

'.. .* . -  

. 

. .  

C '  

, 

Figure 1. The r l )  r 

to the boundary of the  t r i a n g l e o  

t r iang le ,  to which the  whole mathematical 
2 Ip 

' problem i s  res tr i c ted .  n i s . t h e  outward u n i t  normal 

For energ ies  between 10.2 and 12.09 eV the asymptotic con- - 
d i t i o n s  on the  4 (r& are 
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. .  

a 

* .  

' 
' I '  I . .  

, . ' . ..I; 

I n  (19) A i s  t h e  a r b i t r a r y  normalizat ion of t h e  i n c i d e n t  p l ane  wave 

w h i l e  t h e  parameters  a, b, end d d e s c r i b e ,  * - e s p e c t i v e l y ,  t h e  scatter- 

i n g  ampl i tudes  for t h e  processes  l e - 1 s .  1s-28, ls-2pa The q u a n t i t i e r  

kn are d e f i n e d  i n  Eq. (7),  end, as p r e v i o u s l y  s t a t e d ,  t h e  ro1R,, ( r)  

are hydrogenic  r a d i a l  wave func t ions .  

b 
e 

As t h e  i n c i d e n t  e l e c t r o n  energy is r a i s e d  above 12.09 e V ,  o t h e r  

c h a n n e l s  corresponding t o  t h e  bound s ta tes  of hydrogen become open. 

Fo r  e n e r g i e s  above 13.6 e V  a dense i n f i n i t y  of i o n i z a t i o n  states ie 

also a c c e s s i b l e .  S ince  i t  i s  c l e a r l y  imposs ib l e  t o  treat a l l  t h e s e  

cases, i t  w i l l  be assumed, i n  what f o l l o w s ,  t h a t  d l  channe l s  are 

c l o s e d  e x c e p t  t hose  s p e c i f i c a l l y  s t a t e d  to be open. 

The S-wave s c a t t e r i n g  c r o s s  s e c t i o n s  Cls31s and ~ l s - r 2 s  are 

completely s p e c i f i e d ,  €or 10.2 4 k12 C 12.09 e V ,  by t h e  coupled set 

of Eqs. (15) s u b j e c t  t o  t h e  boundary c o n d i t i o n s  (17), (18) and (19) .  

C l e a r l y  one must s o l v e  such t p  set of e q u a t i o n s  i n  some approximate 

manner. 

mat ion,  Temkin (l962A), and then u s e  t h i s  e i t h e r  i n  a m u l t i p o l e  

expansion analogous t o  Temkin's method, or perhaps a l t e r n a t i v e l y  i n  

an i t e r a t i o n  scheme u t i l i z i n g  t h e  t w o  dimensional i n t e g r a t i o n  pro- 

c e d u r e s  developed by Temkin and S u l l i v a n  (1963). 

One p o s s i b l e  procedure i s  to d e f i n e  a z e r o t h  o r d e r  approx i -  

\ 

Both t h e  m u l t i p o l e  

expansion and t h e  i t e r a t i v e  scheme have been t e n t a t i v e l y  examined and 

b o t h  have been found to  be much more d i f f i c u l t  than .in t h e  case o f  
. 

. '  , 

. elastic s c a t t e r i n g .  Therefore ,  i n  t h i s  t h e s i s  o n l y  t h e  s o l u t i o n  of . .  
. the z e r o t h  o r d e r  approximation is presented.  

I * ,  , .  . I. . 
8 .  * ' a ,  

I . .- 
+ ' .  

I' 
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3. The Zeroth o r d e r  Approximation 

The a e t o t h . o r d e r  epproximetion is d e f i n e d  88 f o l l w e r  Note t h a t  

hence t h e  e x p l i c i t  form of t h e  @irlr2) equa t ion  i o '  

L e t  us approximate t h i s  equat ion by n e g l e c t i n g  t h e  r i g h t  hend s i d e .  

r r ) is then d e f i n e d  by ,The z e r o t h  o r d e r  wave func t ion  $7 1 2 

s u b j e c t  to  t h e  boundary cond i t ions  (17) , (18) 

c o n d i t i o n  

and t h e  a sympto t i c  

\ 

? 

(23) 

- The z e r o t h  o r d e r  equation (22) is of  p a r t i c u l a r  i n t e r e s t  because 
. .  . .  . . *  Temkin. (1962A) h a s  shown t h a t  t h e  exchange approximation,  which u s e s  

a t r i a l  YEA n o t  depending on t h e  a n g l e  8 12 cf. Eq. ( 8 ) .  

, .  for  t h e  S-wave-funct ion,  is i n  f a c t  a Vari8ticmal s o l u t i o n  of only 

t h a t  part of t h e  o r i g i n a l  Schradinger eque t ion  corresponding to (22). 

; Consider  t h e  v a r i a t i o n a l  ' so lu t ion  of t h e  complete S-wave problem, , 
* Eq. (12), w i t h  any (symmetric or ant isymmetr ic)  f u n c t i o n  f ( r l , r2 ) - -  

, 
r . .  

. .. 



J 

. .  

.. . 

from Eq, ( 8 )  f o r  i n s t ance .  We have then vu . .  

Here (H-E) r e p r e s e n t s  t h e  o p e r a t o r  i n  t h e  c u r l y  b r a c k e t s  in Eq. (12). 

' . The term 4 y+ 4- w*a $ q a ( & 8 1 P  L l  de.& v 

i n  (24) w i l l  van i sh  s i n c e  f(rl,r2) is independent of Q12. Next 
' !  

' c o n s i d e r  t h e  m a t r i x  element of t h e  complete i n t e r a c t i o n ,  
. .  

f 21rl + 2/r2 - 2/r12, i n  (24): 

> . !  , I n  t h e s e  e q u a t i o n s  r< ' i s  the lesser and r, the g r e a t e r  of (rl,r2). 

The ( a n t i )  symmetry of f ( r l , r 2 )  i s  used i n  t h e  d e r i v a t i o n  as w e l l  ae 
.:> 

2 - -  e 5 .  
Hence t h e  e f f e c t i v e  Hamiltonian i n  Eq. .(24) i s  o f  t h e  form 

. which i s ,  of cour se ,  t h e  form of t h e  Hamiltonian i n  Eq. (22). 

The zero a n g u l a r  momentum p o r t i o n  of t h e  (Is-2s) close coup l ing  
* .  . 

approximation, Marriott (1958), h a s  a wave f u n c t i o n  similar to  Eq. (8) 

and t h e r e f o r e  M8rr iot t"obtained a solution of E q .  (22). 
I 

' 

Thus t h e  



I 

I 

s o l u t i o n  of t h e  z e r o t h  o r d e r  equ-tion o b t a i n e d  i n  t h i s  t h e s i s  W i l l  

a e r v e  as an immediate check on the close cou 

a8 ee rv lng  as t h e  basis of later, more exact,  C8lCUhtiOnO of t h e  

lng procedure,  88 w e 1 1  . . 
L =  0 p o r t i o n  of t h e  c r o s a  s e c t i o n s  G18e18 and (ij.o+28* The 

d i f f e r e n c e  between t h e  z e r o t h  o rde r  problem and t h e  (18-2s) CC 

problem l ies In t h e  methods o f  s o l u t i o n  t h a t  were used. 

' 

Thi8  i e  

. d iecuesed  f u r t h e r  i n  t h e  nex t  s ec t ion .  . 

? 4. S o l u t i o n  of t h e  Ze ro th  Order Problem 

I n  summary t h e  ze ro th  order  problem c o n e i s t s  of t h e  e q u a t i o n  

and t h e  boundary c o n d i t i o n s  . 

a n d  
~ 

I n  t h e  remainder of t h e  t h e s i s  t h e  s u b s c r i p t s  on a 0 and bo w i l l  be 

' , omi t t ed .  Equation (22) can d e s c r i b e  on ly  relative s-states and is 
* *  

3 .  

t h e r e f o r e  also c a l l e d  t h e  ' ? r e l e t ive - s  problem". 

. )  poeeeee s e p a r a b l e  s o l u t i o n e ,  the imposed boundaty conditims make 

While it does  
~ 

I 

- 
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r 

r 

$ -  i E'( rlr2) non-separable.  Following Temkin (1962~) - G9(r1r2) 0 

W i l l  be expended in terms of t he  s e p a r a b l e  . i g e n f u n c t i o n s  of Eq, (22); 

. .  

, 
The sum p l u s  i n t e g r a l  means, as u s u a l ,  t h a t  t h e  continuum s-statee 

of hydrogen i n  a d d i t i o n  to the d i s c r e t e  states must be inc luded .  

t h e  terne i n  t h i s  sum p l u s  i n t e g r a l  go e x p o n e n t i a l l y  t o  zero w i t h  

l a r g e  rl, and they  are t h e r e f o r e  o f t e n  called v i r t u a l l y  excited 

states. FOP t h e  d i s c r e t e  s t a t e s  

A l l  

' I  

, ,.. 
and f o r  t h e  continuum c 

, . .  

, .  * With t h i s  r e l a t i o n s h i p  each term of (26) i s  an e x a c t  s o l u t i o n  of (22). 

* I  
The expansion (26)  au tomat i ca l ly  s a t i s f i e s  t w o  of t h e  boundary 

t .  

' I  c o n d i t i o n e  (23) and (18), but n o t  the t h i r d  (25). In o r d e r  t o  
. ,  

* I  
' s a t i s f y  (25). a t  least approximately,  we determine a, b, f and Cn by 

% 
1 t h e  v a r i a t i o n a l  c o n d i t i o n s  given in Temkin (1962A): 



N is the number of te rne ,  beyond the f i t e t  two, i n c l u d e d  i n  t h e  

expanaion (26) and t h e  diagonal  integrate f and fg  are 

S ince  a and t h e  (Cn) are complex, 2Nf3 real e q u a t i o n 8  result 

These e q u a t i o n s  are l i n e a r  i n  t h e  Cn; hence 2N of them 

i 

from (29 ) ,  

may be solved immediately t o  ob ta in  t h e  (Cn) i n  terms of  Re(a), Sm(a), 

and Arg(b). 

p a r t  f o u r  of Temkin (196%). 

The procedure followed i s  analogous t o  t h a t  o u t l i n e d  i n  

The s o l u t i o n  f o r  t h e  t r i p l e t  case i s  

g i v e n  i n  Appendix A. The irktegr€llS i n  Eq. (30) were o b t a i n e d  i n  

a n a l y t i c  form (see Appendix B), and were checked by numerical  i n t e -  

* * \  g r a t i o n .  However, i n  t h e  s i n g l e t  case, due t o  t h e  d i f f i c u l t y  of t h e  

numerical  i n t e g r a t i o n s ,  t h e  a n a l y t i c  r e s u l t s  were i n  some cases o n l y  
/ --. -.w 

checked t o  one or two s i g n i f i c a n t  f i g u r e s .  I n  o r d e r  t o  o b t a i n  

s u f f i c i e n t  accuracy it was necessary t o  s o l v e  f o r  t h e  Cn u s i n g  double  

p r e c i s i o n  a r i t h m e t i c ,  i . e , ,  16 s i g n i f i c a n t  f i g u r e s  were r e t a i n e d  i n  

t h e  c a l c u l a t i o n s .  The remaining t h r e e  e q u a t i o n s  are h i g h l y  n o n l i n e a r  

i n  Re(a), I m ( a ) ,  and Arg(b) ,  and were t h e r e f o r e  so lved  numerical ly .  

A l l  c a l c u l a t i o n s  were performed on t h e  IBM 7091 computer of t h e  

T h e o r e t i c a l  D iv i s ion  of t h e  Goddard Space F l i g h t  Center .  

"It is worth p o i n t i n g  out t h e  converse n a t u r e  of t h i s  technique 
of e o l u t i o n  t o  t hose  u s u a l l y  employed. 
t h e  exact s o l u t i o n  i n  terms of f u n c t i o n s  which are n o t  s o l u t i o n s  of 
t h e  e q u a t i o n ,  b u t  d o  s a t i s f y  a l l  t h e  boundary c o n d i t i o n s .  I n  close- 
coup l ing ,  for  example, t h e  b a d e  f u n c t i o n s  are s o l u t i o n e  of p a r t  but 

In most cases one approximatee 
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not a l l  of t h e  equa t ions .  
f u n c t i o n s  which are complete s o l u t i o n e  of t h e  e q u a t i o n  b u t  do n o t  
e a t i e f y  a l l  t h e  boundary cond i t ione ,  
nace of t h e  d e v i e t i o n  from the boundary c o n J i t i o n  i s  e very ra l iabh  
i n d e x  Of t h e  q u a l i t y  of  t h e  s o l u t i o n  (p rov id ing  t h i s  d i f f e r e n c e  i r  

The method t h a t  is h e r e  p r e s e n t e d  u t i l i z e 8  

Xn t ' c  la t ter  method t h e  emall-  
. 

. .e 

ecpall enough) .'* 
I 

The rcattsring cream aect ione  obtained from (23) &re: ' * *  

& '  . .  
(31) I '  

I n  order to  i n s u r e  conservat ion of c u r r e n t ,  t h e  c o n e t a n t e  A, a ,  

and b are r e q u i r e d  to  obey the r e l a t i o n e h i p  

(33) Zm (A" a )  = k l  la! 2 j- k2 I b) 2 

5 
To f a c i l i t a t e  t h e  s o l u t i o n  of c e r t a i n  n o w l i n e a r  e q u a t i o n 8  

.'& -... 
Y- -. 1 5  '-. which appea r  in t h e  problem, lee 

, 
b .  

Case (i) A =  k l ( l - i a ) ,  ' 

section BVP 
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As a check on t h e  c a l c u l a t i o n e  t h e  e i n g l e t  cam we8 ale0 eolved 

4 Wi th  

I 

and a z (xe2"I- 11/21 (35) 
b = & ~ ( k l l k 2 ) ( 1 - x ' ~ p 2  e i<J,+.b.) . 

. 
I n  bo th  cases t h e  form of b i s  so chosen t h a t  Eq. (33) was a u t o -  

. m a t i c a l l y  s a t i s f i e d .  Hence t h e  complex numbers e and b are f u l l y  
. .  . ' determined by t h e  real numbers Re(a), Im(a), and Arg(b). The r e s u l t e  

o f  t h e  'computation are presented i n  Sec. 8 of t h i e  chap te r .  

" 
' I  5, The S c a t t e r i n g  Matr ix  

, .  I f  an exact s o l u t i o n  were ob ta ined  f o r  t h e  z e r o t h  o r d e r  problem, 

' then t h e  r e c i p r o c i t y  condi t ion5 should be f u l f i l l e d  and t h e  s c a t t e r i n g  

6 .  

cross s e c t i o n s  6 could also be o b t a i n e d  from t h i s  28-2s and Gs-1s 
L.' ' ., , same c a l c u l a t i o n .  Although we have no d i r e c t  check on how c l o s e l y  

': t h e  r e c i p r o c i t y  cond i t ion  i s  f u l f i l l e d ,  i t  i s  expected t h a t  when Is 
; I  

l ' and  IT are small enough, . r e c i p r o c i t y  is s a t i s f i e d  t o  a good d e g r e e  of 
i t  

, .,,.rb~~l.8pproximation. The c r o s s  sec t ion  2s- 1s f o l l o w s  immediately from t h e  

. I  . 
Case ( i )  was suggested by Massey and Moiseiwitsch (1953), w h i l e  

The d i f f e r e n c e  
How- 

* I  , 4  
' I case (ii) was taken from Karplus and Rodberg (1959). ' * between case ( i )  and case (ii) should be merely computat ional .  

.' : e v e r ,  as i n d i c a t e d  i n  Appendix A ,  t he  e q u a t i o n s  to be solved i n  the 
I ,  . t w o  cases are q u i t e  d i f f e r e n t .  Hence, i f  t h e  symmetry boundary 

c o n d i t i o n ,  Eq. (17), i s  not s a t i s f i e d  s u f f i c i e n t l y  w e l l ,  t h e  t w o  
cases may e i v e  q u i t e  d i f f e r e n t  answers. ; .\, . -  b 

. a  5 
' . ' * . s c a t t e r i n g  ma t r i cee  is given by B l a t t ,  J. M. , and Weisskopf ). V, F. 

T h e o r e t i c a l  Nuclear Phveice, New York,. John Wiley and Sone (1952) , 

4 . .  I , *  

A d e r i v a t i o n  of t h e  r e c i p r o c i t y  theorem as i t  a p p l i e s  to  

. p. 528. 
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reciprocity condition; one form of which ie 

e 
0 

It ie, however, necessary to Introduce Lhe Pc:attering matrix S In order 

to obtain f2s-2se 

Many forme of the asymptotic boundary condition, Eq. (23), have 

been introduced by various authors. 

ere of the following types: 

Two of the more conwpm variations 

I .  . .  
.%.' . '  * .  . -' 

(37) ., 

In Eq. (36) the T are elements of the transmission matrix T 
iJ 

while in Eq. (37) the S 

The coefficient (kz/kl)'% multiplying T 12 and S12 is introduced so 

are the element8 of the scattering matrix S. 
iJ 

that T and S will be symmetric. 
i j  ij 

I .' Equation6 (23) and (36) are related in the following way: 
I' . 

'The S and T metricse.dafined by q e .  (36) and' (37) are 'related by 

Here l'he the uni t  matrixo 
8 = 1s: 2 i T  

.. ' , 



28 

0 .  

r '  

I f  t h e  S matrix is r e q u i r e d  to conserve p r o b a b i l i t y  c u r r e n t ,  then 

i t  w i l l  be u n i t a r y 8  

ss+= 1. 

. ' I f  t h e  r e c i p r o c i t y  c o n d i t i o n  a l s o  h o l d s ,  then t h e  S m a t r i x  w i l l  be 

eymmettic : ' I  . .  
*. 

s12= s21 (42) 

Fram E q ,  (41) S22 may be found t o  be 

's;1s12s21 
JSl2I2 

F i n a l l y ,  t h e  r e a c t i o n  cross s e c t i o n s  are g iven  by t h e  formula 

(43 )  

' (44) 

where 8 
are l i s t e d  i n  Table VI, 

i s  t h e  Kronecker d e l t a  f u n c t i o n .  The c2e-2s t h u s  o b t a i n e d  
i J  

6 .  I n t e r n a l  Consis tency of the  So lu t ion  

The diagonal  i n t e g r a l s  Is and IT, Eq, (30), should i d e a l l y  be 

zero.  

expansion,  Eq. (26), t h i s  should OCCUP t o  an a r b i t r a r y  p r e c i s i o n ,  

however, f o r  N) 8 t h e  determinant  of t h e  C 

too small f o r  a c c u r a t e  r e s u l t s  to  be obtained.  By t r i a l  and error, 

sets of terms i n  t h e  expansion were chosen which minimized Is 8nd IT. 

The confidence w e  have i n  o u r  r e s u l t s  depends both on t h e  sma l lnes s  of 

Is and I 

Presumably i f  enough terms could be taken i n  t h e  wave f u n c t i o n  

( j  s 1, N) w a s  g e n e r a l l y  
j 

. .  

and on t h e  consis tency of t h e  cross sections ob ta ined  by T 
choosing d i f f e r e n t  set8 of &irtual  e i g a n e t a t e e .  The magnitudes of t h e  
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o b t a i n a b l e  I and I are shown I n  Table  I ,  As can be seen,  Is and IT 

are both q u i t e  small for e n e r g i e s  lese than C 3 t  r e q u i r e d  t o  e x c i t e  

t h e  3s level of hydrogen. 

i s  a marked i n c r e a s e  i n  t h e  s i z e  of t h e  diagoneA i n t e g r a l s  ( p a r t i c u -  

l a r l y  i n  t h e  s i n g l e t  case). 

S .T 

I 

A s  soon as t h e  39 t h r e s h o l d  i s  passed ,  t h e r e  

The size  of t h e  d i agona l  i n t e g r a l  con'- 

t i n u e s  to  i n c r e a s e  o u t  to 30.6 eV. A t  t h e s e  h i g h e r  e n e r g i e s  t h e r e  i s  

also a marked d e c r e a s e  i n  t h e  agreement of t h e  crose s e c t i o n s  o b t a i n e d  

by choosing d i f f e r e n t  s e t s - o f  v i r t u a l  continuum states. 

was moat bothersome i n  t h e  s i n g l e t  cake. 

Again t h i o  

. .  . ' ,  . .  
,. . 

. .  

I .. 
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. Table I 
! 

Sat i s fac t ion  QE the diagonal boundary condltlon,t  Is= 0 ,  . .  * e. 
0 -  % 

, at  various incident momenta kl .  

kl IS IT 
(atomic unite) k. i. 

0 e 8662 . ix1o05 3x10.' 

0.9 . 3 ~ 1 0 ' ~  2x1005 

0.94 2x1005 3 ~ 1 0 ~ ~  

38 threshold 

0.95 iXio03 iXioo4 



Table XI 
* 

Investigation of t h e  internal consistency OP the singlet 
nonadiabatic calculations. 
are given i n  units of na,' w i t h  t h e  utot is t tcal  factor 114 
included. Each solution i e  s ecified by the virtual stater 
included i n  the expansion (26r. The discrete s ta tes  are 
defined by their  principle quantum numbers I n ' ,  while the 
continuum etates are defined by their  momentum ' p ' .  The 
case (i) results are given on the f i r s t  line of each row 
while the case ( i i )  results are i n  parentheees beneath 
them. 

* 
The scattering cross sections 

I 

* kl IS 18-28 18-18 
atomic 

, u n i t e  

0.9 3x10°6 ' 9.0339 0.4674 
( 1 ~ 1 0 - ~ )  (0.0338) (0.4674) 

* *  ' .  0.9 Px10°3 0.0339 0.4674 
(7xPOo6) (0.0339) " (0.4674) 

( 5 ~ 1 0 ' ~ )  (0.0335) (0,4676) 

(31c10-~) (0.0310) (0.4684) 

(7x10-') (0.0291) (0.4680) 

0.9 lxlOO' 0.0334 0.4676 

r' . 
L' * 

0.9 5 ~ 1 0 - ~  0.0309 0.4680 

0.9 8xIO-" 0.0289 0.4672 

virtual s ta tes  

discrete continuum 
n P 

0.05,0.3,0.6,0.9,1.1 394 

0 ' 0.05 ,O. 3 ,O. 5,0.7,0.9 
1.1,1.3 

.. 0.2,0. 4,0.6,0.75,0.9 
. 1.05 

1.0 8 !jx10-' 0.0469 0.3263 - 0.05,0.25,0.45,0.65, 
. (JxlO-') (0.0488) (0.3290) 0.85,1.0,1.15,l.30 

1.0 ., 7x10°3 0.0463 0.3283 0 .  0.05 ,O. 3 ,O .6,0.8,1 .O 
(4X10°3) (0.0481) (0.3319) 1.2,1.4,1.6 

, 1.5 1 ~ 1 0 ~ '  0.0131 0.0958 * -  1 * 15 1.239 1.3391 43 9 

(8x10") (0.0196)' (0.1126) 1.53,1.63 . .  

. I  

. I  
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For t h e  s i n g l e t  case t h i s  behavior is i l l u s t r a t e d  i n  Table  If by 

- t h e  two t o p  e n t r i e s  €or kl= 0.9 and t h e  en t r '  

k l =  1.5. 

a t  t h e s e  e n e r g i e s .  

gauged by comparing case (i) and case (ii) results. 

e n e r g i e s  t h e  t r i p l e t  results seem to  be q u i t e  a b i t  more a c c u r a t e  

than  t h e  s i n g l e t  r e s u l t s .  

f o r  k l=  1.0 and 

These e n t r i e s  r e p r e e e n t  oome of t h e  b e t t e r  rune  o b t a i n e d  a 

The u n c e r t a i n t y  i n  t h e  s i n g l e t  r e s u l t s  can be 

A t  t he  h i g h e r  

Above t h e  3s t h r e s h o l d ,  Tablee I and I1 i n d i c a t e  t h a t  t h e  

symmetry boundary c o n d i t i o n ,  Eq. ( 2 5 ) ,  h a s  n o t  been adequa te ly  f u l -  

f i l l e d .  P a r t  of t h e  d i f f i c u l t y  may l ie  i n  t h e  r e s t r i c t e d  a sympto t i c  

* boundary c o n d i t i o n ,  Eq. ( 2 3 ) ,  f o r  i n  r e a l i t y  the  3s and h i g h e r  ene rgy  

c h a n n e l s  should be included a t  some of t h e  i n c i d e n t  e n e r g i e s  w e  con- 

sider. However, it i s  our  opinion t h a t  t h e  c h i e f  d i f f i c u l t y  above t h e  

3s t h r e s h o l d  is n o t  t h e  absence o f ,  f o r  example, t h e  3s state from t h e  

a sympto t i c  r e g i o n ,  bu t  l i e s  rather i n  i ts absence from t h e  r eg ion  of 

i n t e r a c t i o n .  P a r t i a l  confirmation of t h i s  can be found i n  t h e  las t  

f o u r  k l =  0.9 e n t r i e s  i n  Table  I1 which i l l u s t r a t e  t h e  e f f e c t  of 

o m i t t i n g  v a r i o u s  l o w  energy v i r t u a l  states from t h e  expansion. Experi- 

ence h a s  i n d i c a t e d ,  however, t h a t  a prudent  cho ice  of continuum states 

a t  e n e r g i e s  above 12.1 e V  w i l l  minimize t h e  d i f f i c u l t i e s  caused by t h e  

incompleteness  i n  t h e  expansion, E q .  (26). 

A more r e l e v a n t  q u e s t i o n  is how t h e s e  

by v i r t u e  of t h e  r e d i s t r i b u t i o n  of c u r r e n t  
, .  

channe1s i e  included.  Clearly t h e  presene 

cross s e c t i o n s  w i l l  change 

when t h e  t o t a l i t y  of open 

c a l c u l a t i o n  cannot  answer 

t h a t  quee t ion ,  a l though i n  some sense t h e  aesumptioq must be made t h a t  

. 
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t h e i r  e f f e c t  i s  small, For i f  i t  were n o t ,  then t h e  c a l c u l a t i o n  of 

s c a t t e r i n g  in t h e  i o n i z a t i o n  region would 0 

because t h e i r  i n c l u s i o n  would e n t a i l  a wave €unc t ion  c o n t a i n i n g  n o t  

Only a d i s c r e t e  i n f i n i t y  of bound e x c i t e d  states b u t  a dense  i n f i n i t y  

of i o n i z e d  states es 3211. It Le o u r  op in ion  t h a t  i n  close c o u p l l n g ,  

for  example, when a d d i t i o n a l  states are added a t  an energy where t h e y  

may be e x c i t e d ,  t h e i r  main e f f e c t  arises from t h e  i n c r e a s e d  f l e x i -  

b i l i t y  t hey  allow t h e  wave func t ion  i n  t h e  r eg ion  of i n t e r a c t i o n  

r a t h e r  than i n  t h e  opening of t h e  channe l s  t h a t  they a f f o r d .  Thus t h e  

p r e s e n t  method, which p l a c e s  v i r t u a l l y  no r e e t r i c t i o n  on t h e  number o f  

terms t h a t  can d e s c r i b e  t h e  wave f u n c t i o n  i n  t h e  r eg ion  of i n t e r a c t i o n ,  

i s  expected t o  c o n t a i n  most of t h e  e f f e c t s  on t h e  l e  and 2s c h a n n e l s  

a complete i m p o s s i b i l i t y ,  
t 
D 

of a close coup l ing  expansion wi th  a similar number of terms. 

'7. E f f e c t i v e  Range Expansion About t he  2s Threshold 

A f i n a l  check was made t o  i n s u r e  t h a t  o u r  c a l c u l a t i o n  was com- 

p a t i b l e  w i t h  p rev ious  nonad iaba t i c  (NA) c a l c u l a t i o n s  below t h e  2s 

t h r e s h o l d .  Ross and Shaw (1961) have r e c e n t l y  developed a m u l t i -  

channel  e f f e c t i v e  range theory.  

( s i n g l e  channel)  e f f e c t i v e  range theory which can i n  p r i n c i p l e  d e s c r i b e  

a l l  channe l s  of a r e a c t i o n  both above and below t h e  t h r e s h o l d  f o r  a 

new channel.  

symmetric M matrix whose elements around th re sho ld  may be expanded i n  

T h i s  i s  an ex tens ion  of t h e  o r d i n a r y  

The c o r r e l a t i o n  i s  accomplished i n  terms of a real 

B power series i n  t h e  

reduce e s s e n t i a l l y  to  

energy. The f i r s t  two of t h e s e  c o e f f i c i e n t s  

t h e  s c a t t e r i n g  l e n g t h  and e f f e c t i v e  range i n  t h e  
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one channel  case. 

(1962) to e x t r a p o l a t e  t h e  results of 16-2s cl se  coup l ing  c e l c u l a t i o n e  

immediately above t h e  28 t h reeho ld  to i n f e r  t h e  e las t ic  s c a t t e r i n g  

The M matrix hae been used by Damburg and Pe te rkop  

* ' 

below t h r e s h o l d .  

NA r e s u l t s  to below th reeho ld .  I n  t h i s  case, however, t h e  e x t r s p o ?  

I n  t h e  same s p i r i t  w e  have e x t r a p o l a t e d  o u r  p r e s e n t  

l a t i o n  was i n  t h e  n a t u r e  of a check as t h e  NA r e s u l t s  below t h r e s h o l d  

have a l r e a d y  been c a l c u l a t e d .  

v a l u e s  of ~ l s - 1 8  should then c l o s e l y  match t h e  computed z e r o t h  o r d e r  

below th re sho ld .  The u s e f u l n e s s  of t h i s  check w a s  brought  NA Gs-1s 

6 For c o m p a t i b i l i t y  t h e  e x t r a p o l a t e d  

. home i n  o u r  p r e s e n t  c a l c u l a t i o n s ,  when t h e  v a l u e s  which had been c m -  

pu ted  a t  an earlier s t a g e  gave a n  e x t r a p o l a t e d  s i n g l e t  t h a t  

w a s  n o t  compat ible  wi th  t h e  e x p l i c i t l y  c a l c u l a t e d  v a l u e s  b e l o w  

t h r e s h o l d .  

. .  

T h i s  l e d  eo t h e  d i scove ry  of a machine p r o g r a m i n g  error 
/ 

which had caused earlier s i n g l e t  r e s u l t s .  to i n d i c a t e  e s p u r i o u s l y  h i g h  

peak i n  rls..2s * c r o s s  s e c t i o n ,  j u s t  above t h e  2s , thoeshold,  c f .  Kyle 
i .. . 

,- 

and Temkin ( t o  be publ ished) ,  

2 .  

'. . 

A.  Temkin and R.  Pohle ,  Phys. Rev. L e t t .  
should be emphasized t h a t  only r e s u l t s  of t h e  
r e l a t i v e  s-wave problem of t h i s  r e f e r e n c e  are 

6 10, 22 (1963). It 
z e r o t h  o r d e r  or  
being cons ide red  and ' 

A t h e s e  show on ly  one resonance. On t h e  o t h e r  hand, t h e  i n c l u s i o n  of 

. NASA Tech. Note D-1720; A. Temkin, Proceeding6 of t h e  Third I n t e r -  

h i g h e r  r e l a t i v e  p a r t i a l  waves introduced more resonances.  Cf. t h e  
e r r a tum to  t h e  above, Phys. Rev. L e t t .  lo, 268 (1963) ; A. Temkin, 

n a t i o n a l  Conference on t h e  Physics  of E l e c t r o n i c  and A t o m i c  Co t -  
1i8iOnS (Amsterdam, North-Holland Pub l i sh ing  Co. , to  be 
and Gailltis and Damburg, Proc. Phye. SOC. a, 192 (1963f. 

' ub l i ehed)  ; 

I 

, .  
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mat r i cee  are r e l a t e d  for relative 8-wave s c a t t e r i n g  

T =  kLt(M - i k )  k H  (IS) 
k is considered t o  be a d iagona l  ma t r ix  w i t h  d i agona l  

e l emen t s  ki. Tho, elastic s c a t t e r i n g  is t hen  given by 

( 116) 
2 2 2 

G l S - l e  = 4rt (M22 + k2 ) I  I (M11-ikl!!H22'ik2)'M12M21 j 

Expanding t h e  elements  of M about  a r e f e r e n c e  i n c i d e n t  e l e c t r o n  i J  

I n  t h e  e f f e c t i v e  range approximation t h e  series i s  c u t  o f f  a f t e r  t h e  

second term. 

hydrogen from t h e  1s t o  t he  2s state, 

E < 10.2 e V ,  b u t  i n  t h i e  case we must p u t  k2= d X ,  i n  Eqs. (45) and 

(46) 

. 

We t a k e  Eo t o  be 10.2 e V ,  t h e  energy r e q u i r e d  to  e x c i t e  

The expansion i s  v a l i d  f o r  

I n  t h e  t r i p l e t  case t h e  expansion, Eq.. (47) is  v a l i d  ove r  a 

f a i r l y  long range;  however, i n  t h e  s i n g l e t  case t h e  p re sence  of a 

reeonance j u s t  below t h e  2s threshold s h a r p l y  l i m i t s  t h e  a p p l i c a b i l i t y  

o f  t h e  expansion. 

t h e  e f f e c t i v e  range approximate formalism can d e s c r i b e  on ly  one 

narrow resonance below th re sho ld .  

w i l l  n o t  a c c u r a t e l y  p r e d i c t  the t r u e  s c a t t e r i n g  cross section. 

I 

According to the  a n a l y s i e  of Roes and Shaw (1961) 

Below t h i s  resonance t h e  formalism 
I .. . 

' Roes and Shaw (1961) I 

. .  

. * It 

i , 

: * ' I "  

;. . :  . . I  . . . .  c .. - 
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Our expansion parameters  M (E ) end R were o b t a i n e d  by f i t t i n g  
i J  0 il 

a two tern polynomial of t h e  form, Eq. (47), Po t h e  computed va lue6  

of M i n  t h e  range 0 < kZ2 4 1.5 x lom3 Rydijergs. They are given' 

i n  atomic u n i t s  i n  Table 111 t oge the r  w i th  t h e  c o e f f i c i e n t s  o b t a i n e d  

from the  is-& close cnlrpling values  by Damburg end Pe te rkop  (1962). 

i j  

I n  f i g u r e  2 t h e  computed Nh s i n g l e t  elastic cross s e c t i o n  is compared 

w i t h  o u r  e f f e c t i v e  range e x t r a p o l a t i o n .  As can be seen ,  t h e  e x t r a p o -  

* ' 

l a t i o n  q u i t e  ' a c c u r a t e l y  reproduces t h e  resonance n e a r  k12= 0.797. 

The second peak a t  k12= 0.735 is s p u r i o u s  i n  t h e  p r e s e n t  z e r o t h  

o r d e r  problem b u t  more resonances are a c t u a l l y  p r e s e n t  when r e l a t i v e  

p-waves are' inc luded  i n  t h e  c a l c u l a t i o n .  8 
a .  

See Gailitie and Damburg (1963) and f o o t n o t e  6. 
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Tablm I11 . 
The f irst two c o e f f i c i e n t s  i n  the expaneion of the  M matrix 

8 element8 at the 28 threttthold, eq .  ( 5 * 3 ) . *  

a .  

, .  NA = nonadiabatic . . cc = close coupling* , 

T r i p l e t  c . , . I  , S i n g l e t  

L cc NA cc NA . *  
M11(0) 1.0610 , 1.300 0.0293 0.0301 

. I *  

"240).  -0.0569' -0.0629 -0,0017 -0.0017 

Mzz( 0) ' -0.0368 -0.0356 0.1208 0 . 1 2 0 6 ,  
h .  * 

R1 1 4.2267 A@ 82 1 1373 1.20  

R22 

*' 
* a. 

*-\ 5 2  -3 e 9292 -4. 32 ' 0.0642 -0.06 
9 ,/ -*.,,, . 

11.L89 11.54 5. 1528 5 .  1 4  
h '  

.- 

a Cloee coupling c o e f f i c i e n t s  taken from Damburg and 
', Pe terkop ( 1962) 

, I  

6 .  ' *  

' .  . .  . .  

I 
. .  

. .  I .  

, . . .  



Figure 2. 

cross section (solid line) near the 2s threshold with effective range 

Comparison of the computed singlet nonediabetic (18-1s)  
9. 

, 

extrapolations. Circle8 are the nonadiabatic effective range . 
extrapolation. 

range extrapolation of Damburg and Peterkop (1962) 

discussed i n  the text. 

Triangles are the (le-28) close coupling effective 

The figure is 

. 
a .  

I 
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8.  Results 

The r e e u l t e  ob ta ined  from tlie zeroth Orr1-r approximation at  the 

L = 0 a c a t t a r i n g  cross s e c t i o n n  18-18' 6 i S - 2 S 9  

i n  T a b l e s  I V  t o  V I  and i n  Figures  2 t o  5 .  

(16-2s) close coupl ing r e s u l t s  ate also g iven .  A8 p r e v i o u s l y  s t a t e d  

t h e  lat ter c a l c u l a t i o n  i s  an approximate v a r i a t t o n a l  s o l u t i o n  of t h e  

z e r o t h  o r d e r  problem. 

For comparison purposes  t h e  
I .  

' . . .  
, 

The i n t e r n a l  c o n s i s t e n c y  of o u r  c a l c u l a t i O n s  
.. ' 

I * h a s  s l r e a d y  been e x t e n s i v e l y  examined i n  See. 6. For t h e  n o n a d i a b a t i c  
. ' .  

e n t r i e s  i n  Tab le s  I V - V I  t h e  number of s i g n i f i c a n t  f i g u r e s  g iven  i n d i -  

cates t h e  i n t e r n a l  consi ,s tency of t h e  c a l c u l a t i o n  w i t h  t h e  l a s t .  

' I f i g u r e  be ing  i n  doubt .  

f i r s t  s i g n i f i c a n t  f i g u r e  i s  unce r t a in .  

s e c t i o n s  are t h e  ones which are p l o t t e d  i n  t h e  g raphs ;  however, t h e  

For t h e  s i n g l e t  e n t r i e s  a t  kl= 1.5 even t h e  

The NA s i n g l e t  case (i) cross 

a case ( i i )  c a l c u l a t i o n s  are of equal weight.  

.,< I n  F igu re  3 t h e  nonad iaba t i c  Cls-28 cross s e c t i o n s  are compared 

. I  

w i t h  t h e  close coupl ing expansion wi th  :he. 1s and 2s channe l s  open. 

The close coupl ing resu l t s  j u s t  above t h r e s h o l d  were k i n d l y  computed 

f o r  us by Dr. Omidvar of t he  T h e o r e t i c a l  D iv i s ion  of t h e  Coddard Space 

F l i g h t  Center . '  

Damburg and Peterkop (1962). 

o b t a i n e d  from Marriott (1958) and Omidvar (1964) 

i n  good agreement wi th  t h o s e  of Burke and h i s  co-workers (1962, 1963). 

The noAadiabet ic  r e s u l t s  are about 40 p e r c e n t  lower than t h o s e  of t h e  

. .  
a ,  

. .  

They appear t o  be i n  good agreement wi th  those  of 
, I  . .  

The o t h e r  close coup l ing  r e s u l t s  were 

which i n  t u r n  are 

I 

* .  

, 
0 \ 

. ,  

I ' 1  .close coup l ing  ca1cu la t ion .  ' I n  fact, t h e  case (i) n o n a d i a b a t i c  
i 

. .  
erose s e c t i o n s  a g r e e  q u i t e  well w i t h  t h e  v a r i a t i o n a l  

G - 2 e  
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. -  
, .  

ca1cUlatiOn of Massey and Moiseiwitsch (1953) 

F i g u r e  4 shows t h e  z e r o t h  o rde r  nonadiabat  c elastic s i n g l e t  

cross s e c t i o n  i n  t h e  neighborhood of t h e  t h r e s h o l d  (10.203 e V )  and o u t  

to 30 eV.  A d e f i n i t e  Uigner cusp  i s  i n d i c a t e d  a t  t h r e s h o l d .  

c w p l f n g  r e s u l t s ,  dashed l i n e ,  8180 i n d i c a t e  a cusp  a t  t h r e s h o l d .  

p l o t t e d  case ( i )  r18- l s , i s  on ly  5 p e r c e n t  l a r g e r  than t h e  close 

c o u p l i n g  va lue  a t  30 e V .  

20 p e r c e n t  l a r g e r  a t  t h i s  energy.  

The close 

The 

However, t he  case ( i )  cross s e c t i o n  is a b o u t  

Our t r i p l e t  elastic cross s e c t i o n s  a g r e e  wi th  t h e  close coup l ing  

r e s u l t s  to  better than one percent .  S ince  t h e  t r i p l e t  cross s e c t i o n s  . 

dominate i n  t h i s  r eg ion ,  t h e  total n o n a d i a b a t i c  . cls-ls= (0, + b,) 
lies w i t h i n  two p e r c e n t  0f t h e  c lose  coup l ing  r e s u l t ,  

I n  F igu re  5 t h e  g2s-2ss derived i n  See. 5 ,  are shown. Note t h e  

Due to  t h e  Ramsauer minima i n  t h e  s i n g l e t  and t r i p l e t  c r o s s  s e c t i o n s .  

requirement  of conse rva t ion  of c u r r e n t ,  r2s-28 cannot  a c t u a l l y  go t o  

(and hence zero a t  these  minima u n l e s s  c2s-le 
also. 

(dashed l i n e )  is Caused by t h e  presence of t h e  3s t h r e s h o l d  a t  1.89 

e V .  The 3s state must be included i n  t h e  c a l c u l a t i o n  f o r  t h i s  minimum 

to  appea r .  

presence.  

) go to  zero 18-28 

The narrow minimum i n  t h e  s i n g l e t  cross s e c t i o n  a t  1.87 e V  

For t h i s  reason t h e  CC c a l c u l a t i o n  d o e s  n o t  i n d i c a t e  i t s  

The e x a c t  shape and depth of t h i s  resonance are u n c e r t a i n  
.\ . 

\ 

due to t h e  scatter of o u r  r e s u l t s  and t h e  large Is ob ta ined  i n s i d e  t h e  
t 

. resonance. There are undulat ion8 of a few p e r c e n t  i n  t h e  s i n g l e t  

a t  t h i s  p o i n t ,  b u t  t h e  e f f e c t  Is q u i t e  emall corn- 
' cls-18 a~~ q s - 2 ~  



may well n o t  appear i n  the total  cross section s i n c e  t h e  CC 
&8-& 

c a l c u l a t i o n  i n d i c a t e s  t h a t  t he  L =  1 and t h e  L 3  2 c o n t r i b u t i o n s  are 

very important  a t  t h e  e n e r g i e s  where t h e  r;:nima occur .  

It would be of i n t e r e s t  t o  be a b l e  t o  s o l v e  t h e  z e r o t h  o r d e r  

A con t inu ing  e f f o r t  is equa t ion  (22) e x a c t l y  by numerical means. 

being made to do t h i s  w i t h  t h e  n o n i t e r a t i v e  method which h a s  a l r e a d y  

been used i n  t h e  t r i p l e t  caee below t h r e s h o l d  by Temkin and S u l l i v a n  , 

(1963). 

least p a r t l y  d6e t o  t h e  l a r g e  e f f e c t i v e  i n t e r a c t i o n  r a d i u s  between 

t h e  2s state of hydrogen and t h e  s c a t t e r e d  e l e c t r o n .  

So f a r  t h e  r e s u l t s  have been u n s a t i s f a c t o r y .  T h i s  is a t  

. .  
f 
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Table I V  

The s p h e r i c a l l y  symmetric portion of t h o  L = 0 elastic 
(ls-1s) cross section for  the  scatterint gf electrons 
by atomic hydrogen i n  u n i t s  of nao2.  NA = Nonadiabatic 
CC = Close coupling ls-2s * 

v 

b 

k ( a . G . 1  

0 .81OC 
0.863 
0.864 
0.26429 
0.8645 
0.865 
0.8654 
0.8656 
0.8658 
0.866 
0.86601 
0.86602 
0.866025 
0,86604 
8.8661 
0.8662 
0.870 
0.880 
0.89 
0.90 
0.94 
1 .o 
1.1 
1.2 
1.5 

1 

. .  

’. 

Singlet  
NA cc 

0 635 
0.760 
1.20 
1.337 
0.0 
0.2925 

a 0.3893 
0.4255 
0 4165 
0 * 4743 
0.4768 
0.4795 

case( i )  case ( i i )  
0.4790 0.4789 
0.4755 0.4751 
0.4742 0.4740 

0.4955 
0.4955 0 4954 
0.4326 0.4825 
0.4674 0.4673 
0.399 0.399 
0.327 0.330 
0.239 0.250 
0.175 0.190 
0.095 0.113 

0.4244 
0.4235 
0.4541 
0.4568 
0.4454 
0.z324 

0.2824 
0.1865 
0.1397 
0.0905 

T r i p l e t  Sum 
NA cc NA cc * 

Threshold 

3.995 3.995 
3.994 3.993 
3.958 3.957 
3.864 3.864 
3.773 3.772 
3.684 3.684 
3 349 
2.905 2.903 
2.300 2.297 
1.833 1.829 
0.974 0.9716 

4.470 
4.468 
4. 454 
4.359 
4.256 
4.151 
3.7@ 
3 233 
2 550 
2.023 
1.087 

4.4194 
4.4165 
4.4111 
4.3208 
4.2174 
4.1164 

3 1854 
2.4835 
1.9687 
1.0621 

The s ta t is t ical  factors l / 4  and 3/4 are inc luded  i n  t he  ‘ 
8 

cross sections. 
t o  f i n d  the to ta l  scattering cross sections. 

When avai lable ,  case (ii) results were used 

A l l  close coupl ing r e s u l t s  were computed by K. h i d v a r .  b 

Some of these results have n o t  been publ ished,  while the  rest 
are taken from h i d v a r  (1964). .. . 

I C  The energy of the incident electron in Rydbergs ie j u s t  k12. 



Table V 

44 

The spherically symmetric portion of the L =  0 (18-2s) 
cross section for the excitation of atomic hydrogen by 
electrons iii t i n i t s  *ao ti 
CC=Close coupling l s - 2 ~  . 2 Nt! FNonediabetic and 

Singlet Triplet sum 
NA cc NA cc NA CC 

kl(a.u.) case(i) case(ii)  

0,86604 0,0066 0.0066 

0.8661 

0.8662 

0.870 

0.880 

0.890 

0.90 

0.94 

1 .o 

1.1 

1.2 

1.5 

0.0142 

0.0204 

0.0313 

0.0318 

0 0339 

0 .of+@ 

0.046 

0 035 

0.031 

0.013 

0.0142 

0.0204 

0.0354 

0.0314 

0.0319 

0.0338, 

0.0448 

0.048 

0.040 

0 039 

0,019 

0.0168 

0.0266 

O.O@O 

0.0356 

0 0355 

0,0375 

0.0725 

0.0701 

0 0547 

0.02Ll 

9 . 9 ~ 1 0 - ~  

1.51~10~~ 

7 . 8 ~ 1 0 - ~  

1 e 8x10-" 

2.7xlO-" 

3. 8x10°4 

9 . 1 ~ 1 0 - ~  

1 .9x10°3 

3 . 3 ~ 1 0 ~ '  

4 . 7 ~ 1 0 ~ '  

5 . 6x10~' 

See footnotea on Table I V  

9x 10- 

1. 6 ~ 1 0 ~ ~  

8 . 3 ~ 1 0 - ~  

1. 9 ~ 1 0 ~ "  

2.9x10-" 

4x 10 -4 
a 

2. iX1o13 

4. &lo0' 
6.1xlO-' 

7 . 3 ~ 1 0 ~ '  

0.0066 

0.0142 

0.0204 

0.0355 

0.0316 

0.0322 

0.0342 

0 0457 

0.050 

0 e043 

0.044 

0.025 

0.0168 

0.0266 

0.0420 

0.0358 

0.0322 

0.0379 

0.0746 

0.0745 

0.0608 

0.0311, 

t 
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* 
b 

Table V I  

The sphe r i ca l ly  symmctric po r t ion  of the L =  0 (26-2s) 
cross section for  the  sca t t e r ing  of electrons by atomic 
hydrogen i n  u n i t s  of 2. NA = Nonadiabatic and 
CC = Close coupl ing 1s-2s 

Sing let  T r i p l e t  Sum 
NA cc NA cc NA cc 

k2(a.ub)  case(i) case(ii) 

0.00503 654. 654. ' 

0.0114 622. 622 650.3 205.0- 827 . 
0.0174 579. 579. 602.0 204,O 206.8 783. 808.8 

0.0831 137. 135.55 170.6 172.3 ' 307.6 307.85 

0.1562 19.6 19.6 19.36 110.4 110.5 130.0 129.86 

0.2052 3.69 3*& 3.515 71.21 71.20 74.89 74.715 

0 245 0.441 O . ' U  0.3303 45.99 45:94 46.531 46.27 

0 365 0.43 0.41 7.37 7.78 

0.500 1.8 1 e9 1.532 0.02 0.2102 1.92 1.7422 

0.678 1.8 1.8 1.115 1.37 1.36 3.17 2.475 

0.831 1.3 1.3 0.8980 2.45 2,112 3.75 3.010 

1.225 0.60 0.55 0.5702 1.94 1.811 2.49 2*3812 

.. 

',See footnotes on Table I V  
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FIGURE CAPTIONS 
e 
c 

Figure  3.  Comparison of z e r o t h  order nonadiaba t ic  1s-2s e x c i t a t i o n  

c r o s s  s e c t i o n s  w i t h  the c l o s e  coupl ing  (1s-2s) r e s u l t s .  , 

The f i g u r e  i s  discussed i n  the  t e x t .  

F igu re  4. Comparison of t h e  zeroth o r d e r  nonadiaba t ic  s i n g l e t  1 s - l e  

cross s e c t i o n  wi th  the c l o s e  coupl ing  (18-2s) expansion. 

The f i g u r e  i s  discussed i n  the  t e x t .  

F igu re  5 .  Comparison of t h e  zeroth o rde r  nonad iaba t i c  2s -2s  scatter- 

ing  c r o s s  s e c t i o n s  with the  r e s u l t s  of t he  close coupl ing  

(18-2s) expansion. 
L 

The f i g u r e  i s  d i scussed  i n  t h e  text .  

F igure  6. The top  four curves  r ep resen t . t he  t o t a l  c l o s e  coupl ing 

t h e o r e t i c a l  and the experimental  c r o s s  s e c t i o n s  for t h e  

1s-2s  e x c i t a t i o n  of H by e l ec t rod - impac t .  
. 

The two lower 

curves  g i v e  t h e  L =  0 ang le  independent po r t ion  of t h i s  

c r o s s  s e c t i o n .  

i n  Sec. 9 of Chapter 11. 

The f igu re  i s  d i scussed  i n  Chapter  I and 

, \ .  
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9. Discuss ion  

F igu re  6 serves t o  compare t h e  r e l a t i v e  sots 'e po r t ion  of t h e  ; 

L =  0 i n e l a s t i c  cross s e c t i o n  w i t h  the t o t a l  c l o s e  coupl ing t h e o r e t i -  

cal cross section and wi th  t h e  total  experimental  cross s e c t i o n s  

ob ta ined  by Stebii ings et a l .  (1960) and Lichten  and S c h u l t z  (1959). 

Examination of t h e  graph i n d i c a t e s  t h a t  t he  zeroth o rde r  nonad iaba t i c  

L = 0,  16-2s cross s e c t i o n  is reduced from t h e  (16-2s) CC r e s u l t s  by 

about  t h e  same percentage as t h e  Lichten and S c h u l t z  cross s e c t i o n  is 

reduced from t h e  (1s-2s-2p) CC resul ts  around t h e  region of maximum 

cross s e c t i o n  (15 e V ) ,  or as t h e  Stebbings e t  a l .  measurements are 

from t h e  Lichten  and S c h u l t z  r e s u l t s  over  m o s t  of t h e  energy range.  

Thus t h i s  c a l c u l a t i o n  r e i n f o r c e s  what one would be tempted t o  b e l i e v e  

on looking a t  the  ( 1 s - 2 s - 2 ~ :  CC resu l t s  i n  comparison wi th  t h e  expe r i -  

mental  r e s u l t s :  a more e x a c t  t h e o r e t i c a l  c a l c u l a t i o n  should reduce 

t h e  t h e o r e t i c a l  c r o s s  s e c t i o n  toward t h e  exper imenta l  r e s u l t s .  

"As t o  t h e  amount of t h i s  decrease  one mu'st be i n f i n i t e l y  more 
circumspect  i n  guess ing .  I n  t h e  language of t h e  nonad iaba t i c  theory 
t h e  L =  0 p a r t  of t h e  1s-2s-2p c a l c u l a t i o n  r e f e r s  to  t h e  r e l a t i v e  
s p wave problem whereas t h e  1s-2s c a l c u l a t i o n  r e f e r s  t o  only  t h e  
r e l a t i v e  s-wave problem. From t h a t  p o i n t  of view, t h e  lat ter appears  
t o  be a b e t t e r  approximation r e l a t i v e  t o  i t s  complete s o l u t i o n  ( t o  
which t h e  p re sen t  paper i s  addressed)  than t h e  former i s  to  i t s  com- 
p l e t e  s o l u t i o n .  I n  e i t h e r  case, i t  might seem r i d i c u l o u s  t o  t r y  t o  
approximate by two o r  t h ree  terms what i n  p r i n c i p l e  i s  desc r ibed  by a 
s i n g l y  o r  doubly ( d i s c r e t e  p l u s  continuous) i n f i n i t e  set of func t ions .  
Here, however, one must recall  what Seaton (1953) long ago emphasized, 
t h a t  t he  e x p l i c i t  ( a n t i )  symmetrization of t h e  wave func t ion  i n  f a c t  
doub les  t h e  number of terms and goes a long way i n  inc lud ing  t h e  
e f f e c t s  of t h e  continuum i n  these  c a l c u l a t i o n s .  
t o  t h e  1s-2s-2p c a l c u l a t i o n ,  the s i n g l e t  L = 0 g i v e s  only the second 
largest c o n t r i b u t i o n  to  t&,as . The largest c o n t r i b u t i o n  comes from 
t h e  t r i p l e t  L = 1 state. Experience thus  f a r  i n d i c a t e s  t h a t  t h e  close 
coupl ing  approximation i s  much more a c c u r a t e ' i n  t r i p l e t  as opposed t o  
s ing le t  states. 

Secondly,  w i t h  regard  



"Thus i t  i s  very d i f f i c u l t  a t  t h i s  t i m e  t o  i n f e r  t h e  correct 
no rma l i za t ion  of t h e  exper imenta l  r e s u l t .  In  view of the  many com- 
p e t i n g  e lements  which are e i t h e r  included or l c F t  o u t  of t h e  close 
coup l ing  c a l c u l a t i o n ,  our  own opinion i s  t h a t  tl,: correct normal i -  * 
zatlon of t h e  exper imenta l  result i s  between those  of Lichten  e t  a l .  
and S tebb ings  e t  a l .  and closer t o  t h e  l a t t e r ,  very close, i n  f a c t ,  
to  t h a t  curve  where the  error b a r s  of t h e  r e s p e c t i v e  exper iments  

h 

1 
o v e r l a p  (Hummer and Seaton /1961/) . I o 9  

T h i s  conclus ion  i s  supported by a r e c e n t  ( l s -2s -2p-3s -3~)  close 

coupl ing  c a l c u l a t i o n  by Taylor  and Burke ( t o  be publ i shed)  which pro-  

duced more than a 30 percent  decrease i n  cis+ 28 a t  16.5 eV from t h e  

close coup l ing  (IS-2s-2p) c a l c u l a t i o n  

Add i t iona l  t h e o r e t i c a l  and experimental  work i s  d e s i r a b l e  on 

t h i s  problem. I n  p a r t i c u l a r  i t  i s  d e s i r a b l e  t o  t r y  t o  estimate t h e  

complete nonad iaba t i c  L =  0 c r o s s  s e c t i o n  and t h u s  ob ta in  a check on 

t h e  (1s-2s-2p) CC r e s u l t s  near  th reshold .  Much more work remains t o  

be done be fo re  t o t a l  nonadiaba t ic  cross s e c t i o n s  (sum o v e r - a l l  va lues  

of L)  can be  obta ined .  I n  t h i s  connection i t  should also be  poin ted  

o u t  t h a t  t h i s  c a l c u l a t i o n  indicc. tes  t h a t  t h e  computat ional  error i n  

t h e  nonad iaba t i c  r e s u l t s  i s  l a r g e  for  i n c i d e n t  e l e c t r o n  e n e r g i e s  

above 20 e V .  Unless  t h i s  d e f e c t  can be remedied t h e  u s e f u l n e s s  of t h e  

n o n a d i a b a t i c  i n e l a s t i c  s c a t t e r i n g  theory  w i l l  be somewhat circum- 

s c r i b e d .  

There w i l l  probably be a d d i t i o n a l  close coupl ing  c a l c u l a t i o n s  of 

t h e  t o t a l  1s-2s e x c i t a t i o n  cross s e c t i o n  w i t h  a d d i t i o n a l  open channels.  . 
However, as t h e  work of Taylor  and Burke ( t o  be publ i shed)  i n d i c a t e s ,  

t h e  a d d i t i o n  of new channels  g r e a t l y  i n c r e a s e s  t h e  amount of computer 

9 
Kyle and Temkin ( to  be published). 
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t i m e  needed fo r  t h e  c a l c u l a t i o n s .  Th i s  may p u t  a l i m i t  t o  t h e  number 

of hydrogen wave f u n c t i o n s  which may be used i n  t h e  expansion of 

Eq. ( 5 ) .  

It i s  t o  be hoped t h a t  more a c c u r a t e  measurements of t h e  a b s o l u t e ' '  ' 

18-28 e x c i t e t i o n  cross s e c t i o n  w i l l  be made i n  t h e  n e a r  f u t u r e .  H&- 

ever, as  arguments concerni . ig  the Lichten  and S c h u l t z  experiment  

demonst ra te ,  t h e  accuracy O E  f i n a l  experimental  r e s u l t s  can be no 

greater than t h a t  of t h e  theory which is used t o  i n t e r p r e t  t h e  actual 

measurements. Thus i t  may well be t h a t  i n  t h i s  problem t h e o r e t i c a l  

and exper imenta l  advances w i l l  cont inue  t o  be s t rong ly  in te rdependent .  

F i n a l l y  i t  should be pointed o u t  t h a t  t h e  r e s u l t s  of t h i s  c a l c u -  

l a t i o n  , t o g e t h e r  w i th  those  of Damburg and Pe terkop (1962), show t h a t  

one must be very  c a u t i o u s  i n  na ive ly  e x t r a p o l a t i n g  cross s e c t i o n s  t o  

th re sho ld  us ing  t h e  th re sho ld  behaviour law stated by Wigner (1948). 

For  t h e  type  of problem considered h e r e ,  Wigner states t h a t  n e a r  t h e  

e x c i t a t i o n  th re sho ld  b 

Here Ci+f i s  t h e  p r o b a b i l i t y  f o r  t h e  target atom being  e x c i t e d  from 

t h e  i n i t i a l  state ' i '  to  t h e  f i n a l  state ' f '  and 1, i s  t h e  angu la r  

momentum quantum number of t he  f i n a l  state. The p r e s e n t  r e s u l t s ,  . 
Table  5,  i n d i c a t e  t h a t  the  law's range can be exceedingly  small. 

Gaili t is  and Damburg (1963) pointed o u t  t h a t  when t h e  2p state is 

inc luded  i n  t h e  c a l c u l a t i o n ,  the 2s and 2p states are degenera te  and 

hence Wigner 's  t h re sho ld  l a w  no longer  n e c e s s a r i l y  a p p l i e s .  

The End 
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Appendix A 

Details of t h e  Case ( i )  So lu t ion  

I t  will be r a c b l l e d  t h a t  e(*) is expanded’ in  a series given bi 

- and t h a t  t h e  c o e f f i c i e n t s  a ,  b ,  and Cn are t o  be determined so t h a t  

The e f f o r t  t o  s imula t e  t h e  sum IT (or  Is), Eq. (30), i s  a minimum. 

p l u s  

t h a t  

Sec.  

. by a 

i n t e g r a l  i n  t h e  last  term of Eq. (26) was r e s t r i c t e d  by t h e  fact 

the  computer could handle  no more than e i g h t  Cn (see Chap. XI, 

6). I t  was cons idered  b e s t ,  t h e r e f o r e ;  t o  r e p l a c e  t h e  i n t e g r a l  

An a l t e r n a t e  r e p r e s e n t a t i o n  of  the i n t e g r a l  as a sum 

was also used. There was no  s i g n i f i c a n t  d i f f e r e n c e  i n  the results 
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ob ta ined  from ( A - 1 )  and ( A - 2 ) ;  however, when (A-2) was used t h e  

program was u s u a l l y  r e s t r i c t e d  t o  seven Cn due - 0 , t h e  added factors 

). Because of t h i s  t h e  form (A-1) w a s  g e n e r a l l y  used. I n  ' 9  - pa-, 
(A-1 )  and ( A - 2 )  N r e p r e s e n t s  t he  to ta l  number of continuum states 

inc luded ,  wh i l e  il ( r j  is the c o u i m b i c  8-wave f u n c t i o n  which obeys 

t h e  equa t ion  

2 

P 

a 

Consider t h e  t r i p l e t  case ( f )  when form (A-1 )  i e  used; then IT 

t a k e s  t h e  e x p l i c i t  form: 
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.Here the  C are given t h e  form n 

L e t  N be t h e  number of d i s c r e t e  v i r t u a l  s tates,  then t h e  to ta l  number 1 

of d i s c r e t e  p l u s  continuum v i r t u a l  states is N = N f NZ. The 1 * 
c o e f f i c i e n t s  x t and S Xq. (3A)* and t h e  rn and E are to be 

determined by Eq. (29). The other q u a n t i t i e s  i n  (A-A) are d e f i n e d  
. . .  . 

below. 

'For n S N t he  i n t e g r a l s  1 

where m = 1, 2 and n +  3. 
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'If also JS N1 then: 

. e 

( A m i )  

The i n t e g r a l s  ( A - 6 )  -- ( A - 8 )  may be evaluated e a s i l y  i f  one u s e 8  any 

standard t a b l e  of i n t e g r a l s  and r e c a l l s  t h a t  R n s ( r )  i s  just r times 

the  n t h  r a d i a l  s-wave function of atomic hydrogen. 

The remaining i n t e g r a l s  ( A - 9 ,  A-10, A-11) are g iven  i n  

Appendix B .  

n 5 N 1 andQ>N19  

(A-11) 
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The 8, and 0 ,  may be expressed i n  terms of x, 2 , and & by 

use of Eq. (29) .  The equa t ion  e 

a I T &  = 0 (A- 12) 

a c t u a l l y  s t a n d s  f o r  a set of N equations l i n e a r  i n  t h e  a;l. S i m i l a r l y  

G / w a  = o  (A- 13) 

s t a n d s  f o r  N e q u a t i o n s  l i n e a r  i n  the 6.. 

y i e l d  

These two sets of e q u a t i o n s  

where 

s 

Here d e t  i s  t h e  determinant  of t h e  matrix 

I .  I 

(A-  16) 

(A-17)  - ' 
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(n )  are t h e  d e t e r n i n a n t s  ob ta ined  by r e p l a c i n g  t h e  n t h  and t h e  D 

column of t h e  above mat r ix  wi th  the column vector: 
j 

The equat ion  

I ”TAX = 0 
. .  

e 

8 

(A- 18) 

7 

i s  l i n e a r  i n  x and y i e l d s  

(A-20) 

(A-21)  

i s  q u a d r a t i c  i n  z. When (A-21) is so lved  f o r  Z (  s ) one o b t a i n s  

(A-22) 
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A t  t h i s  point  a l l  the c o e f f i c i e n t s  X ,  t , rn and en are 

expressed as funct ions  of 6 .  

which w i l l  minimize IT, let 

I n  order to determine the value of& 



Y 

Then t h e  zeros of Wq w i l l  correspond to  t h e  extrema of  IT* The zeros 

of Wq were found by programming the e q u a t i o n s  Riven above on t h e  com- 

p u t e r  and sweeping 8 from 0 to 2Tl’ . 
were found; one f o r  0 2 6 4  Tt and one f o r  W S  b 4 2 n  The minima 

e * 

T 
Two i d e n t i c a l  minima of I 

i n  IT and Is were very sha rp  and a mesh s ize  of  A $= 

sometimes needed j u s t  t o  f i n d  them. 

( 8 )  so r a p i d l y  n e a r  t h e  minimum of IT ( o r  Is) t h a t  t h e  accuracy  of 

T T / l O , O O O  vak. 

As a r u l e  cls-2s v a r i e d  w i t h  

would have been restricted t o  t h r e e  or f o u r  s i g n i f i c a n t  61 s-2s 

f i g u r e s  even i f  no o t h e r  d i f f i c u l t i e s  had occurred  (see Chap. XI, 

See. 6). 

i n  IT (or Is) and could  ‘ therefore  be determined wi th  much greater 

On t h e  o t h e r  hand, qSmls var i ed  s lowly n e a r  t h e  minimum 

accuracy.  

\ The s o l u t i o n  of  t h e  s i n g l e t  ca se  (i) problem i s  completely ana lo-  

gous t o  t h a t  of t h e  t r i p l e t .  I n  f a c t ,  i f  t h e  terms i n  Is are grouped 

p r o p e r l y ,  much of t h e  t r i p l e t  machine program may also be used  i n  t h e  

s i n g l e t  case. Define 
0 
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Then 

and 
rroo 

(A-27)  

If one u s e s  t h e s e  d e f i n i t i o n s ,  the  equa t ions  (A-14)  t o  (A-23) may be 

used i n  the s i n g l e t  s o l u t i o n  with o n l y  minor changes in t h e  d e f i -  

n i t i o n  o f  c e r t a i n  terms. 

When case (ii),  Eq. (35), is cons ide red ,  the problem becomes 

much more d i f f i c u l t  from the  computational biewpoint .  The case (ii) 

s o l u t i o n  is very  similar to t h a t  of  case ( i)  through E q .  (A-20) .  One 

i s  a b l e  t o  solve f o r  x = x (g1, & 2 ) ,  but  t h e  equa t ions  f o r  t h e  

s c a t t e r i n g  phase s h i f t s  

sweeping 

bl and 6 2 

J1 and J2 from 0 3 2 V  

have to  be so lved  numer ica l ly  by 

Because of  t h i s  a case (ii) run  

r e q u i r e d  about  twenty times as much computer t i m e  and about t e n  times 

as much of t h e  programmer's time as a case ( i )  run ,  



Appendix B 
* .  . 1 

I n t e g r a l s  Invo lv ing  U ( r ) ,  t h e  Continuum Coulomb Wave Function P 

" A l l  formulae are o b t a i n a b l e  from the  very g e n e r a l ' f o r m u l e s  of- 

k i n d s  of hypergeometric . , . f u n c t i o n s .  The n o t a t i o n  for  t h e s e  i s  
s t a n d a r d  aside from minor v a r i a t i o n s .  

* Alder  e t  al .  (1956).  The results i n v o l v e ,  among o t h e r s ,  t he  v a r i o u s  

D e f i n i t i o n s  may be found i n  
a ' innumerable books; w e  mention only Morse and Feshback (1953).  Many O f  

' t h e  formulas  are n o t  m a n i f e s t l y  r e a l ;  n e v e r t h e l e s s ,  t hey  may a l l  be 
Those ma t r ix  e lements  which should be symmetric 

' w i t h  r e s p e c t  to t h e  in t e rchange  of i n i t i a l  and f i n a l  states cen be 

. * . .  
shown t o  be real. 

shown to  be symmetric. The r e a l i t y  end eymmetry are, i n  f a c t ,  c l o e a l y  
r e l a t e d .  . 

"The continuum coulomb f u n c t i o n s  are normalized as fo l lows :  

D F(a;b;x)  is t h e  c o n f l u e n t  hypergeometric f u n c t i o n  For  t h e  
purpose of g i v i n g  t h e  d i s c r e t e  continuum m a t r i x  e l emen t s ,  it is con- 

* v e n i e n t  to w r i t e  t h e  d i s c r e t e  wave f u n c t i o n s  i n  t h e  form * I  

The i n t e g r a l s  g iven  h e r e  were checked by numerical  integrat , ion.  ' * .  

To i n s u r e  t h a t  t h e . p o l e e  i n  t h e  complex i n t e g r a l s  were p laced  i n  t h e  

correct h u a d r a n t  i t  w a s  found a d v i s a b l e  t o  u s e  t w o  a r c t a n g e n t  
*'. 

* * .  

a f u n c t i o n s  i n  t h e  machine program. The f i r s t  (tan-') had a'qange from . 
' .' I 1' ., -Tr /2  to K / 2 ,  whi le  t h e  second (Atan) had a range from 0 t o  277. 

This appendix ie' very similar t o  t h e  appendix i n  Temkin (1962A). 
The quote end a number of the i n t e g r a l s  are taken d i r e c t l y  from t h i s  

- oource. 
I I 

I I 

\ ,  

! 

I 



Trip le t  formulas: 

Y 

xq +kP where F(8,b;c;x)  are hypergeometric functions,  J, = 
il 

x = 4P1P2/[A* +- (P1 t P 2 ) 7  9 and Y = 1-x* 

0 

.. . 

The in tegra l s  $#) may a l s o  be used to derive the matrix elements 
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Define : 



Y 

S i n g l e t  formulas ( the  symbols have the same meaning as the corre- 

sponding t r i p l e t  formulas): 



V 
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